
Journal of Mathematical Sciences & Mathematics Education Vol. 3 No. 2      14 

Cyclic Product Groups 
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Abstract 

 Necessary and sufficient conditions for a product of groups to be cyclic 
appear in various forms throughout the literature. Furthermore, the conditions 
presented vary greatly from quite simple to very general. However, the factor 
groups are routinely assumed to have cyclic properties which are not required 
for necessary conditions for the product to be cyclic. In this paper we will 
establish necessary and sufficient conditions for the product of finite groups to 
be cyclic, while assuming the factor groups are cyclic only for the sufficient 
conditions that the product is cyclic. 

Introduction 

 Some texts provide only sufficient conditions for special cases of groups 
of integers modulo n. For example, if gcd{m,n} = 1, then nm ZZ mnZ  [1, p. 
198, lemma], and so nm ZZ  is cyclic of order mn [11, p. 113, Theorem 1]. 
This basic result can be generalized in several ways. In some cases the converse 
is included to read that nm ZZ  is cyclic if and only if gcd{m,n} = 1 [10, p. 98, 
no. 13,14]. In other cases, the result is not stated biconditionally, but is extended 
to a finite number of factor groups with special moduli. Specifically, if r

1iip

is a collection of distinct primes and n = r21 k
r

k
2

k
1 ppp , then 

r

1i
p ik

i
Z nZ  [1, p. 

199, Theorem 3.6], which implies that 
r

1i
p ik

i
Z is cyclic of order n [11, p. 113, 

Theorem 1]. However, this statement is not biconditional, and the moduli are 
required to be prime powers rather than only pairwise relatively prime. Both of 

these limitations are removed with the more general result that 
n

1i
mi

Z is cyclic 

if and only if }m,mgcd{ ji  = 1 whenever 1  i  j  n [4, p. 80, corollary]. 
 Another direction in which to generalize the result in [1, p. 198, lemma]  
is to replace the reference to mZ and nZ with arbitrary finite groups. In this 
manner, if G and H are finite cyclic groups and H,Ggcd  = 1, then G H is 
cyclic [2, p. 231, lemma]. This result is quite limited, providing only sufficient 
conditions for the product of two finite cyclic groups to be cyclic. Something of 
a converse appears in [7, p. 178, no. 40], stating that if G H is cyclic, then G 
and H are cyclic. These two results can be combined to show that if G and H are 
finite cyclic groups, then G H is cyclic if and only if H,Ggcd  = 1 ([5, p. 
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107, Theorem 8.2],[6, p. 112, no. 2],[8, p. 63, no. 5]). This biconditional result is 
extended to a finite number of groups by showing that if iG  is a finite cyclic 

group for 1  i  n, then 
n

1i
iG  is cyclic if and only if ji G,Ggcd  = 1 

whenever 1  i  j  n ([5, p. 107, corollary],[12, p. 57, Theorem 6.1(ii)]). 

 In all of the above cases, the finite cyclic nature of the factor groups iG  is 

assumed for both the necessity and sufficiency that 
n

1i
iG  is cyclic. The main 

result of this paper assumes only that iG  is a finite group for 1  i  n for 

necessary conditions that 
n

1i
iG  is cyclic. The property that iG  is cyclic for 1 

i  n is assumed only for sufficient conditions that 
n

1i
iG  is cyclic. First, 

however, we need a lemma for the inductive proof to follow. 

Preliminary Results 

Lemma 1: Suppose G and H are finite groups. Then G H is cyclic if and only  
if G and H are cyclic and H,Ggcd  = 1. 

Proof: If G and H are cyclic and H,Ggcd  = 1, then G H is cyclic ([2, p. 231, 
lemma],[5, p. 107, corollary],[12, p. 57, Theorem 6.1(ii)]). 

Conversely, if G H is cyclic, then there is an element (u,v) G H such that 
)v,u(  = HG  = G H . Then u G, v H, and )v,u(  = v,ulcm

([4, p. 81, Theorem 8.3],[5, p. 106, Theorem 8.1]). Furthermore, u  and v

divide G  and H , respectively ([3, p. 81, corollary],[1, p. 130, Theorem 2.41]), 

so that G  = u m and H  = v n for some positive integers m and n. Thus 

v,ulcm  = )v,u(  = G H  = nvmu ,

so that 
v,ugcd

vu
 = u v m n.  

Consequently, m n v,ugcd  = 1, and so m = n = v,ugcd  = 1. Therefore 

G  = u , H  = v , and H,Ggcd  = 1. Since G and H are finite, G = u ,

and H  = v , then G = u  and H = v . Hence G and H are cyclic and 

H,Ggcd  = 1. 
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Main Result 

 We are now prepared to present the main result of this paper. Theorem 2 
extends the result of Lemma 1 to a finite number of groups. 

Theorem 2: Suppose iG  is a finite group for 1  i  n. Then 
n

1i
iG  is cyclic

(of order 
n

1i
iG ) if and only if iG  is cyclic for 1  i  n and ji G,Ggcd  = 1 

whenever 1  i  j  n. 

Proof: Clearly Theorem 2 is true for n = 1, and is also true for n = 2 according to 
Lemma 1. Now suppose Theorem 2 is true for any collection of n 1 finite 
groups.  

 If iG  is a finite group for 1  i  n, then 
n

1i
iG

1n

1i
iG nG  by a  

natural extension of [9, p. 219, Theorem 5.30]. Thus 
n

1i
iG  is cyclic if and  

only if 
1n

1i
iG nG  is cyclic if and only if 

1n

1i
iG  and nG  are cyclic and 

n

1n

1i
i G,Ggcd  = 1 by Lemma 1. However, n

1n

1i
i G,Ggcd  = 1 if and  

only if n

1n

1i
i G,Ggcd  = 1 if and only if ni G,Ggcd  = 1 for 1  i  n 1.

Therefore 
n

1i
iG  is cyclic if and only if 

1n

1i
iG  and nG  are cyclic and 

ni G,Ggcd  = 1 for 1  i  n 1.  

 Furthermore, by the induction hypothesis, 
1n

1i
iG  is cyclic if and only if 

iG  is cyclic for 1  i  n 1 and ji G,Ggcd  = 1 whenever 1  i  j  n 1.

Therefore 
n

1i
iG  is cyclic if and only if iG  is cyclic for 1  i  n 1, nG  is 

cyclic, ji G,Ggcd  = 1 whenever 1  i  j  n 1, and ni G,Ggcd  = 1  

for 1  i  n 1, which is true if and only if iG  is cyclic for 1  i  n and 

ji G,Ggcd  = 1 whenever 1  i  j  n.  
 The result follows by induction. 
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Alternate Proof 

 As mentioned above, it is well known that if iG  is a finite cyclic group 

for 1  i  n, then 
n

1i
iG  is cyclic if and only if ji G,Ggcd  = 1 whenever  

1  i  j  n. This result provides an alternate approach to Theorem 2. Alternate 
Proof of Theorem 2: Suppose iG  is a finite group for 1  i  n.  

 If iG  is cyclic for 1  i  n and ji G,Ggcd  = 1 whenever 1  i  j  n, 

then
n

1i
iG  is cyclic ([5, p. 107, corollary],[12, p. 57, Theorem 6.1(ii)]).  

 Conversely, suppose that 
n

1i
iG  is cyclic and iG  has identity element  

ie  for 1  i  n. If 1  k  n, then kH  = kn1k1k1 Gxe,,e,x,e,,e  is

a subgroup of 
n

1i
iG  and kH kG  [9, p. 217, Theorem 5.28]. Furthermore, 

kH  is cyclic since 
n

1i
iG  is cyclic [11, p. 114, Theorem 2]. Therefore kG  is 

also cyclic since kG kH .
 Thus iG  is cyclic for 1  i  n. Since iG  is also finite for 1  i  n and 

n

1i
iG  is cyclic, then ji G,Ggcd  = 1 whenever 1  i  j  n ([5, p. 107, 

corollary],[12, p. 57, Theorem 6.1(ii)]). The result follows. 

† Richard Winton, Ph.D., Tarleton State University, USA 

References 

1. Burton, David M., Abstract Algebra, Wm. C. Brown Publishers, 1988. 

2. Davidson, Neil and Gulick, Frances, Abstract Algebra, Houghton Mifflin  
 Company, 1976. 

3. Durbin, John R., Modern Algebra, 3rd edition, John Wiley & Sons, 1992. 

4. Fraleigh, John B., A First Course in Abstract Algebra, Addison-Wesley  
 Publishing Company, 1982. 

5. Gallian, Joseph A., Contemporary Abstract Algebra, D. C. Heath and  
 Company, 1986. 

6. Herstein, I. N., Abstract Algebra, Macmillan Publishing Company, 1986. 



Journal of Mathematical Sciences & Mathematics Education Vol. 3 No. 2      18 

7. Hungerford, Thomas W., Abstract Algebra, Saunders College Publishing,  
 1990. 

8. Hungerford, Thomas W., Algebra, Springer-Verlag, 1974. 

9. Larney, Violet H., Abstract Algebra: A First Course, Pindle, Weber and  
 Schmidt, 1975. 

10. Pedersen, Franklin D., Modern Algebra: A Conceptual Approach, Wm.  
 C. Brown Publishers, 1993. 

11. Pinter, Charles C., A Book of Abstract Algebra, McGraw Hill, 1990. 

12. Saracino, Dan, Abstract Algebra: A First Course, Waveland Press, 1992. 


