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Abstract

In this paper, we obtain a general formula of Runge-Kutta method in order 4
with a free parameter 7. By picking the value of 7, it can generate many RK
methods in order 4 including some known results. Numerical calculation shows
that those new formulas have the same accuracy as the classical RK4 has.

1. Introduction and Main Results

The Runge-Kutta algorithm is used for solving the numerical solution of the
ordinary differential equation y’(x)= f(x,y) Wwith initial condition y(x,)=w,. In

about 1900, Runge and Kutta developed the following classical fourth order
Runge-Kutta iterative method

W =W+ ¢ (K, +2K, +2K, + K, ) h,
1
( ) Kl =f('xk’ Wk)v KZ =f(xk+%h, Wk +%K1h)’

Ky=f 5+ 2h w o+ Koh), K, =f(x, +h w +Kh).

which has the accumulative error in order of O(h%).

Since then, many mathematicians have tried to develop more Runge-Kutta
like methods in a variety of directions. In 1969, R. England [1] developed
another fourth order Runge-Kutta method (See the book of L. F. Shampine, R.
C. Allen and S. Pruess [2] )

Wi =wk+%(K1+4K3+K4)h,
@ VK = f(x. w), K, =f (x5 + 2w+ Kph),

K, =f(xk+%h, W, +£K1h+ith)’ K, =f(x +h w,—Kh+2Kh).

Although the higher order of Runge-Kutta methods can increase the error
accuracy, but it would need to pay the cost of calculation complexity. Therefore
the most mathematicians think that the fourth order Runge-Kutta method is the
most efficient method to solve numerical solution for IVP. It is naturally to ask:
Do there exist other fourth order Runge-Kutta methods? If yes, then what are
they look like? In this paper, we obtain a general formula fourth order Runge-
Kutta method with a free parameter as the following
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Wi :wk+%[Kl+(4—t)K2+tK3+K4]h,
Kl :f(-xk’ Wk),
©) Ky=f (5 +2h w, + LK),

1 11 1
K= [+ 1w (=N kLK),

K, = f(xk +h, W, +(1—%)K2h+%K3h),
where ¢ is a free parameter.

Remark 1: Pick ¢ = 2, then (3) becomes the classical Runge-Kutta method (1).
Remark 2: Pick 7 =4, then (3) becomes England’s Runge-Kutta method (2).
Remark 3: Pick ¢ = 1, we get a new formula for Runge-Kutta method

W =W+ (K +3K, +K, +K,)h,
K, = f(x,, w),

4 1 1

@) KZ:f(xk-%Eh, wk+EK1h),

Ky=f (5 41k ow =L Kt Koh),

K= f(x+h wo+ L Kbt L Koh).

Remark 4: Pick 7 = 3 we get the second new formula for Runge-Kutta method
W =W+ g (K, + Ky 43K, +K,)h,

K, = f(x. wo),

) K= f(x+ 1w+ 1K),

Ky=f(x+2h wo+ LK+ LK),

K= f (v +h w =L Kb+ 2 Koh).

Remark 5: Pick 7 = 5, we get the third new formula for Runge-Kutta method
W =W+ g (K =K, +5K, +K, ),

K, = f(x. w),

©) K, =f (x5 + 1 nwo+ k),

1 3 1
Ky=f 5+ 1w+ 2 Khe LK),

K,=f (% +h w2 Khe Kh).
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I1. Numerical Computing Tests

With the same step value of i, we use the different fourth order Runge-Kutta
methods, including the classical one, to calculate the numerical solution for
several differential equations with initial value condition at x = 0. Then
comparing to the real analytic solutions to estimate the relative error at x = 4.
Our first example is to calculate the numerical solution for

y'=y—x*+1 (0<x<4)withy(0)=3 and h=0.2.
Comparing to the analytic solution y =2¢* +x* +2x+1at x = 4, we obtain the
following results:

RK4 methods Classical R. England Formula (4) Formula (5) Formula (6)

Relative errors at x=4 0.0049% 0.0049% 0.0049% 0.0049% 0.0049%

Our second example is to calculate the numerical solution for
y=xy—x> (0<x<4) withy(0)=3and h=0.2.

Comparing to the analytic solution y ="+ x° +2, we obtain the following

results:
RK4 methods Classical R. England Formula (4) Formula (5) Formula (6)
Relative errors at x=4 0.0053% 0.0053% 0.0053% 0.0053% 0.0053%

Our last example is to calculate the numerical solution for the second order
differential equation
y" = y+2sinx (0< x < 4) with y(0)=1, y(0)=0and A =0.2.

y

y
Kutta methods to the following vector differential equation

Define vector VariableY:[ }and apply the different fourth order Runge-

1
a = f(x,Y) with initial condition Y (0) =
dx 0

01 0
where f(x,Y)= 10 Y+ o sy

After comparing to the analytic solution y =¢*—sinx, we get the following

results
RK4 methods Classical R. England Formula (4) Formula (5) Formula (6)
Relative errors at x=4 0.0051% 0.0051% 0.0051% 0.0051% 0.0051%

The above calculating results show that the new fourth order Runge-Kutta
methods formulas (4) (5) and (6) have the exactly same error accuracy as the
classical method (1) does.
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III. Lemma

To derive the above general formula (3), we need the following lemma:

Lemma: Suppose that a, b, ¢, d, p1, p2, P3. 91> G2a> 92> 3q and @3, are real
numbers and function f{x, y) is continues in a neighborhood of a point (xq, yo).
Let y = y(x) be a solution of differential equation y’(x)= f(x,y) with initial

condition y( X)) =Y, Define

K =f(xy),
(7 K, = f(x+ph,y+qKh),

K, = f(x+p,h,y+q,,Kh+q,,K,h),

K, =f(x+ph,y+q, K,h+q,,K;h)
For small & > 0, if
(8) y(x+h)=y(x)+(aK1+bK2+cK3+dK4)h+O(h5)
is true for any continuous function f{x, y) in the domain of (x, y), then
a+b+c+d=1,

P =4
p2 =q2a +QZM’
D3 =43, T 43

©) 2(bp, +cp, +dp;) =1,

3(bp12 + sz2 + dpf) =1,

4(bp13 + Cp§ + dp;) =1,
6(cpds, +dpgs, +dp,qs,) =1,
24dp,q,,q,, =1

4(p, + p, +6dp, pygs, +6dp, psqy, —6dp, p,p;) =5.
Proof: First pick y(x) = x, then fix, y) = y'(x) = 1 and K, = K, = K3= K4=1. Plug
them into (8) we get
x+h=x+(a+b+c+d)h+0).
Therefore we obtain
(11 a+b+c+d=1.

Still consider , but setup f(x,y)=y(x)= Y Then
x

K1=l=1, K2:y+Q1K1h:x+Q1h’

X x+ph x+ph

K = x+q, K h+q, K,h K = x+q,, K,h+q, K;h

37 > 47 :
x+ p,h x+ph

To make the point X, w,)on the solution line y = x, K, should be equal one.

Therefore, the only possible relation between p; and g, is
12) P1=q
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Then k. =5t +an)h

x+p,h
For the same arguments on K3, we obtain
13) Py =42, t 4o+
Then K, = x+(‘]3u+%b)h
x+ p;h
Similarly, we obtain
(14) D3 =43, 143, -

If pick y(x) = x* and setup f(x, y) = y'(x) = 2x, then
K, =2x,K,=2(x+ph), K, =2(x+ p,h), K, =2(x+ p;h).
Plug into (8)
(x+h)* =x +h[2ax+ 2b(x+ ph) +2c(x+ p,h)+2d (x+ p3h)] +0(h%)
=y’ +2((1+b+c—i—d)xh+2(bp1 +cp, +dp3)h2 +0(h).
Then we get
(15) 2(bp, +cp, +dp;) =1-

Next pick y(x) = x> and setup flx, y) =y'(x) = 3x%, then
K, =3x", K, =3(x+ p,h)’, K, =3(x+ p,h)*, K, =3(x+ p,h)’.
Plug into (8)
(x+h)’ =x*+ h[Saxz +3b(x+ p,h)* +3c(x+ p,h)’ +3d (x + p3h)2:|+ oh’)

=x"+3x°h+3xh” +3(bp] +cp; +dp; )’ + O(h)

Then we get
(16) 3(bpf+cp§+dp3z)=1

If pick y(x) = x* and setup f(x, y) = y'(x) = 4x°, then
K, = 4x°, K, =4(x+ plh)3, K,=4(x+ pzh)3,K4 =4(x+ p3h)3.
Plug into (8)
(x+h)' =x"+ h[4ax3 +4b(x+ ph)’ +4c(x+ p,h)’ +4d (x+ p3h)3] +O(h)
=x' +4xX°h+6xX°H +4xh’ + 4(bp13 +cp; +dp; ) R +0(n).
Then we get
(17) 4(bp] +cp; +dpy)=1.

Again pick y(x) = X’ but setup f,y)=y(x) = 3Y . Then K = 3x* and
X
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K - 3(y+qKh) _ 3()63 +3p1x2h)
? x+ph x+ph

=3[ x*+2pxh=2(ph)’ |+OK")

3(y +q,, Kh+ qzz;th)

K, =
x+ p,h

3(x* +3q, X*h+3q, X*h+6 xh?
_ ( 4>, 53} P49 ) +0(h3)
X+ p,h

3(x*+3p,x*h+6 xh?
_ ( P> P9y )+0(h3)
X+ p,h

- 3[)8 +2p,xh=2(p,h)’ +6plq2bh2]+0(h3)

3()’ +q,,K,h+ %thh)
x+ph

K. =

4

3 (x3 + 3q3ax2h + 6plq3axh2 + 3q3bx2h + 6p2q3bxh2 ) o)
x+ph

~ 3[363 +3p,x°h+6(p,q,, + pqub)xhz:'
X+ ph
= S[xz +2p,xh—2x(psh) +6(pg,, + p2q3h)h2}+ o)
Plug into (8)
()’ =X +3ax’h+ 36 +2pxh=2(ph)’ |

+0(h)

+3¢[ ¥ +2p,20=2(p,h) +6p,g,, 7 |
+3d [xz +2p,xh— 2x(p3h)2 +6(pg,, + p2q3b)h2}h+ o(h*)

= x> +3(a+b+c+d)x*h+6(bp, +cp, +dp,) xh’

+3[2(bp; +cp3 +dp3 )+ 6 (dp,qs, +dpas, +cPras, ) |1 +O(hY).
Then we get
3 |:—2(l?pl2 +cp; +dp: ) +6(dp,qs, +dp,qs, +cP,qs, )] =1
From (17)
18(dpyds, +dpadsy +cpidzy) = 6(bp] +cp; +dp3 ) +1=3
Therefore
(18) 6 (CP1CI217 +dp,q,, +dp,qs, ) =1.

Journal of Mathematical Sciences & Mathematics Education Vol. 7 No.2 6



Still consider y(x) = x* and setup fl,y)=y(x) = ﬂ , then K| = 4x° and
X
4(y+q,Kh)
x+ph
4(y+q20th+q2bK2h)
x+ p,h

K, =

4] 5 + 40,7+ gy, (45 +12p°h=12(ph) x)h
= +O(h")
x+p,h

Al x' +4p, X h+12p,q, W ~12plqyxh’ |
= +0(h")
x+p,h

=4[ +3(ph) ¢ =3(p.h) x+3(psh)' |

+4 [12171‘]217x}12 —-12p, pzqzbh3 - 12p12‘bbh3 ] +O(h*).

Because
y+q3, K h+q,,Kh

= x* +4q,, [ £ +3(ph) 2 =3(ph) x |h+Om*)
gy, X +3(p,h) ¥ =3(p,h) x+12pgy 7 |+ O
=x'+ 4q3x3h + 12plq3a)czh2 - 12plzq3a)ch3 + 4q4x3h
+12pzq3hxzh2 - 12p§q3,,)ch3 + 48pl(,]2,,(,]3,7xh3 +0(h"Y)

=x* +4173x3h+12(171%a + 172‘]3b)x2h2 _12(1712%0 + pQZq%)XhS

+48 ;r)lqz,)q%xh3 +0(hY).
Then
4(y+45,K,h+ g5, K3h)
x+p;h

K,=

AL 4ph12(pg, + iy, ) CH —12(plgy, + play,) ¥+ 48,05, 0 ] U
a X+ p;h

= 4|:x3 +3(p3h)x2 —3(p3h)2 x+3(p3h)3 +12(plq3u + D245, )Xhz _12(p1q3a + Pz%b)p3h3:|

+4 |:_12 ( p12q3a + p§%b ) R+ 4'8p1%bq3bh3 :I +O(h").

Plug into (8)
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(e ) = x* +4avh+4b X +3ph=3(ph) x+3(ph) |
+4c[x +3(p,h)x* 3(p2h) x+3(p2h) +12plq2bxh2—12p1p2q2bh3—12p12q2bh3]h
+4d[x +3(psh)x* 3(p3h)2x+3(p3h)3+12(plq3u+p2q3b)xh2:|h

+4d [ <12( gy, + Py, ) P =12( Dy, + D3y, ) I +48piasyq,h° [+ O

regt +4(a —i—b+c+d)x3h+12(bp1 +cp, +dp,)x*h’
+4 [—3 (bpl2 +cp; +dp; ) +12(ep\q,, +dp,qs, +dp,qs, )J xh’ + 12[pr3 +ep; + dpf]h4
+4[=12p, (0o, + dp s, + dpa, ) =12, (D0, + dpigs, +dpags, ) |1
+4 [—12dpl D345, —12dp, p;q,, +12dp, p, p, +48dp, p,q;, ] h*+0(h)

=x" +4x°h+6x’h* +4xh’h* + 30" +4(-2p,-2p,) h*

+4[=12dp, p.q,, —12dp, p,qy, +12dp, p, py + 48dp,q,,4,, | 1* + O(h*)
Therefore
3+4(=2p, —2p, +12dp, p,qs, —12dp, psq,, —12dp, psg;, +48dp,q,,45,) =1
We obtain
(18)
4(p, + p, +6dp, psqs, +6dp, p,q,, —6dp, p, p; — 24dp,q,,4;,) =1
Thus, we have obtained all equations in (9) of the lemma.

Remark 1: Equations in lemma are the necessary conditions to make the RK4
constants a, b, ¢, d, p1, P2, P3.91> 924> 920> 93 a0d q3,. They might not be enough
make (8) to be true for some f{x,y).

Remark 2: Equations in (9) plus the following equations
24dp,q,,q5, =1

6 (Cpqub +dp,q;, +dp,qs, ) =1,

8(cp, P29y, + AP, P34, +AP2 P35,) =1

would be enough to make (8) to be true for all f{x,y). See the book of J. H.
Mathews and K. D. Fink [3].

21

IV. Derivation the General RK4 formulas

The total number of questions in systems (9) and (21) is 12. The number of all
unknown constants is also 12. Therefore, it could have only one solution for
constants a, b, c, d, p1, P2, P3.91> 920> 926 932 A0d g3, theoretically. How if we set
up pi=p, Or p;= p; Or p;= ps, then the rank of the following equation system
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2(bp, +cp, +dp,;) =1

3(bp} +cp; +dp;) =1

4(bp] +cp; +dp;) =1
Would be reduced to two, then we would get a free parameter. By a tedious
analyzing, we have found that the only possible case is p;= p,. The further
calculation reveals that this common value is only possibly to be 1/2 or 1/3. If
p1=p>= 1/2, we can calculate to get p;=1. If p;=p, = 1/3, we can calculate to
get p3=5/6. However, the second choice p,= p, = 1/3, p; = 5/6 is contradiction to

equation system (21). We omit the detail calculation here.

Now we choose p, = p, :% and p, =1to get

b+c+2d =1

3 3 _ —

Zb+ZC+3d =1 = = a=

1, 1 a

Ih+letad=1
Then the equation 6(cp,q,, +dp,q;, +dp,q,,) =1 becomes

1 1 1
6(§cq2b 5 G +§q3b)=l.

Because 45, + 5, = p, =1, we get

1 1 1
6(5“1% +§) =1 = cq,, =%

Set ¢ =1 and rasafree parameter. We obtain
2 =7

o 2y,
=cand b=7 _3(4 1)

From the equation

4(p, + p, +6dp, psqs, +6dp, p,qy, —6dp, p, p; —24dp,q,,q5,) =1
we get

1 1 1 2
4(1+§CI3a +§‘I3b_2_7%b):1'
5 2
45-2q,)=1.
t

Therefore ¢,, :% and ¢, =1-7

Then we obtain the general RK4 formula with a parameter ¢
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wk+1:wk+é[Kl+(4—t)K2+tK3+K4]h,
Kl :f(xk, Wk)a
Ky=f 5+ 10w + LK),

1 11 1
K3 :f(.xk +Eh, Wk +(E_;)K1h+;K2h),

K, :f(xk+h, wk+(1—%)K2h+éK3h).

Moreover, we can check that all constants in this formula satisfy conditions of
(21) for any constant ¢. That proves that is a general Runge-Kutta method in
order of 4. Actually, there is no other Runge-Kutta method in order of 4 under
the formation (7).

T Delin Tan, Ph.D., Southern University at New Orleans, USA
¥ Zheng Chen , Ph.D., Southern University at New Orleans, USA
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