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Abstract

In this paper we extend some well known results of quasi-Baer and
p-q.--Baer to & -quasi-Baer and & -p.q.-Baer using ¥ -weakly rigid ring.
Further, we investigate some results for quasi & -Armendariz ring and also we
give some Examples to illustrate our theory.

Introduction

Throughout this paper R denotes an associative ring with identity, &
is an endomorphism of R and O an ¢ -derivation of R, thatis O is an
additive map such that d(ab)=d(a)b+a(a)o(b), for all a,be R.

Kaplansky [11] introduced Baer rings to abstract various prospects of AW*-
Algebra and von-Neumann Algebra. Quasi-Baer rings (i.e. rings in which the
right annihilator of every ideal is generated by an idempotent) introduced by
Clark [5], are used to characterize when finite dimensional algebra with unity
over an algebraically closed field is isomorphic to a twisted matrix units

semigroup algebra. The definition of quasi-Baer ring is left-right i.e. aring R is

left (quasi) Baer if and only if R is right (qausi) Baer.
As a generalization of quasi-Baer ring, G.F. Birkenmeier, J.Y. Kim,
and J.K. Park [4] introduced the concept of principally quasi-Baer rings. A ring

R is called principally quasi-Baer (or right p.q.-Baer) if the right annihilator of

a principal right ideal of R is generated by an idempotent. The class of p.q.-
Baer ring includes all Baer rings, quasi-Baer rings, abelian p.p. rings and bi-
regular rings. Further a number of authors investigated quasi-Baer and p.q.-Baer
properties on different structures of a ring.

According to Krempa [12], a monomorphism & of aring R is called
to be rigid if ac(a)=0 implies a =0 for a€ R. A ring R is said to be
O -rigid if there exists a rigid monomorphism & of R . Nasr-Isfahani et al.
[14] generalized & -rigid ring to (¥ -weakly rigid ring and used it to transfer the
quasi-Baer property and p.q.-Baer property of an & -weakly rigid ring R to its
extensions such as the skew polynomial ring R[x;&,d], skew Laurent
polynomial ring R[x,x ;] , skew power series ring R[[x;&]] and skew

Laurent power series ring R[[x,x™;]].
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A subset S of aring R is called & -setif S isa & -stable set, i.e.
a(S) C S . & -Baer ring was defined by Han [6] as a ring in which the right
annihilator of every & -set (resp. & -ideal) is generated by an idempotent is

called & -Baer ring (resp. (¥ -quasi-Baer ring). Also aring R is called right (or
left) & -p.q.-Baer (resp. right or left p.p.-ring) if the right (or left) annihilator of
every right (or left) principal & -ideal (resp. ¥ -element) is generated by an

idempotent. R is called & -p.q.-Baer ring (resp. right or left p.p. ring) if it is
both right & -p.q.-Baer and left & -p.q.-Baer. In [6] Han defined and analyzed
the behavior of skew polynomial ring over the above mentioned properties for
& -rigid ring.

In the present article we study the  -quasi-Baerness and & -p.q.-
Baerness for an & -weakly rigid ring R and some of its extensions such as

skew polynomial ring R[x; ], Ore extension R[x;&, 0], skew power series
ring R[[x;]] and find some connectedness between an & -weakly rigid ring

R and its extensions through some results which are a generalization of the
results provided in [6], [14]. Further, we also show the same results for a quasi

O -Armendariz ring R .

Ore extension with d =1 over & -quasi-Baer and  -p.q. -Baer
ring

In this section we extend the results of [6] to & -weakly rigid ring.
Further we define the notion of quasi & -Armendariz ring as a generalization of
quasi-Armendariz ring. Also we prove the same results for quasi & -

Armendariz ring. Recall from [14] a ring R is called & -weakly rigid if for
each a,be R,aa(Rb) =0 if and only if aRb = 0. & -weakly rigid ring is
a generalization of ¢ -rigid ring and ¥ -compatible ring. Now we give some
examples to show that an @ -weakly rigid ring R need not to be ¢ -rigid.

Example 2.1 Let Q be a ring of rational numbers then M ,(Q) is a
prime ring. Suppose & be an automorphism of M ,(Q) which is defined as

a b 1 1Ya bY1 -1
(94 =
c d 0 TAec d)\O 1
for each a,b,c,d € Q. Since M,(Q) is a prime ring and & is an
automorphism of M,(Q), so M,(Q) is & -weakly rigid ring [14, Example

follows:
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1 1
2.14]. Now we check that this ring is & -rigid or not. Take (0 J eM,(Q),

o oo -6 o)

I 1
but (0 J #0. Thus M,(Q) is not & -rigid.

then

Example 2.2 We consider a ring R as

a t
Rz{(O ajlae Z,te Q}

where Z and Q are the set of all integers and set of all rational

numbers, respectively. Then R is a commutative ring. Let & : R — R be an
automorphism of R defined by

(o 6 )

By [8, Theorem 1], R is not & -rigid ring. Now suppose any arbitrary

(g gj,(g Z] (; )R
o KGN 60

It follows that

abc M_,_bcp (00
2 “lo o)
0 abc

abr+acq

This gives abc =0 and +bcp =0, which leads to the

following:
1. a=0and b=0
2.a=0and c=0
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3. b=0and c=0
4. a=0=b=c
By considering that either of the above cases hold valid and true we

o oo olo G o)

Thus R is & -weakly rigid ring.

find

For a ring R with an endomorphism ¢, there exists an

endomorphism of R[X; ] which extends & . For example, consider a map ¢
on R[x;] defined by a'(f(x)) =a(a,)+a(a)x+...+0(a,)x" for all
f(x)=a,+ax+...4a,x" € R[x;a]. Then a is an endomorphism of
Rl[x; ] and Et(a) =a(a) for all a€ R, that means @ is an extension of

a. E{ is called the extended endomorphism of & . Here, we shall denote the

extended map & : R[x;] — R[x;] by & .
Now, we begin our main results with Theorem 2.2 but first we give
Lemma 2.1 which is required to prove the main Theorems.

Lemma 2.1 Let R be an & -weakly rigid ring and e € R a right
semicentral idempotent of R . Then for positive integer m,

ea"(r)y=ea" (re).

Proof. Since € be a right semicentral idempotent of R so eR = eRe
which implies er(l—e)=0 for all e€ R. It follows that

ead"(r(1-e))=0 since R be an -weakly rigid ring. Thus
ea"(ry=ea" (re).

Theorem 2.2 Let R be an & -weakly rigid ring. Then the following
conditions are equivalent:
1. R isan & -quasi-Baer ring;
2. R[x;] is a quasi-Baer ring;
3. R[x;] is an & -quasi-Baer ring for every extended ¢ -
automorphism of R[X;].

Proof. (1)=(2) Suppose R is & -quasi-Baer and I be an arbitrary

ideal of R[x;c]. Consider the set [, of all the leading coefficients of elements
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inl ie. I,={a,e Rl f(x)=a,x" +Z:;aixi € I}. Then I is an ideal
of R. Note that [, is an -ideal of R, since for
f(x)=ax"+ z:;aixi el and g(x)=xeR, we have
g f(0) =a(a)x" + " a(a)x" eI and so a(a,)e . Thus
I, is an O -ideal of R. Since R is & -quasi-Baer, [,(/,) = Re for some

right semicentral idempotent e€ R which gives ea, =0 for all a, € [.

Now we show Rlx;ale =1y, (D). For any
n n-1 i
f(x)=a,x +zi=0aix €l we have a,€l,, so ea, =0. Therefore
n—1 i n— n=2 i z
ef (x)= e(zizoaix )=ea, x 1+Z:i=0aix . Since ea, € 1,, we get
ea,  =eea, , =0. Continuing this way we get ef(x)=0 and so
Rlx;ale S lg .o, (I). Suppose g(x)= Z,‘:objxj € lgir.oy(I), so for
each f(x)= z:lzoaixi €l and re R, g(x)rf(x)=0. Therefore

b, (ra,) =0 for each r€ R which implies that b, Ra, =0 since R is

Q -weakly rigid ring, $0 b =be. Now
2O (0 =b,X"rif () + D" hx'rf(x)=0. 1t follows that
Z?;(l)b.ixjrf (x)=0 since
b x"rf(x)=b,ex"rf(x)=b,ea" (e)x"rf (x)=b, ex"erf(x)=0 by
Lemma 2.1. In the same way we find that an =0,,_,€ . Continuing this way

we get foreach j b, =b.e,so g = ge which gives Ly ..,,(I) C R[x;]e.
Hence R[x;] is quasi-Baer.

(2) = (3) Itis clear.

(3)= (1) Suppose R[x;] is & -quasi-Baer and ¢ -weakly rigid.
Let I be any & -ideal of R . Then by [6, Lemma 1.7] R[x;&]l is an & -
ideal of R[x;]. Since R[x; ] is O -quasi-Baer,
lR[w{J (R[x;x]l) = R[x;x]e for some idempotent e(x) = ZLOE R[x;].
Thus by [14, Lemma 3.5] lR[x;a](R['X; oll)=1,(I)[x;a] = R[x;a]e(x)
which implies that e, € [,(I) for all i. Again by [14, Lemma 3.5]
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L()=1l,(D[x;a]"R=R[x;ax]le(x) "R it follows that for any
acly(I), a=ae,.Hence, R is & -quasi-Baer.

Corollary 2.3 ([Theorem 2.316) Let R be a ring with an

endomorphism O and let A « e the set of all extended endomorphisms on
Rlx;] of @ . If R is & -rigid, then the following are equivalent:

1. R is & -quasi-Baer;

2. R[x;] is quasi-Baer;

3. R[x;] is &-quasi-Baer forall @€ A,.

Theorem 2.4 Let R be an O -weakly rigid ring. Then the following
conditions are equivalent:

1. R isleft & -p.q.-Baer;

2. R[x;a] is aleft p.q.-Baer ring;

3. R[x;] is aleft & -p.q.-Baer ring for every extended ¢ -
automorphism of R[x;].

Proof. (1) = (2) Let R be & -weakly rigid left & -p.q.-Baer ring and [
be a left principal ideal of R[x;&] which is generated by
h(x)=Y " hx'eRlx;a] ie. I={f(0)h(x)f(x)€ Rlx;@]}. Note
that I, is a left ideal of R which is generated by hy,h,,....h, ie.
I,={rh,|re R}. Take gx)=x,
g(x)Rh(x) = xRh(x) = 27:0a(Rhi)xi+l and so &(Rh;)€ I, for each i.
Thus [, is an left principal & -ideal of R. Since R is & -p.q.-Baer,
l.(Rh.)) = Re. where e, be right semicentral idempotents of R therefore

eiRhi =0 for all 7. Let e=e¢,e, ..., which implies € is also a right

semicentral idempotent of R . Thus by [14 ,Corollary 3.3] e is a right
semicentral idempotent of R[x;]. We show that

Lo (RIx;@JR(X)) = R[x;@)e.  For  h(x)=) hx'eR[x.al.
eh(x)=0 which implies ef(x)h(x)=ef(x)eh(x)=0 for any
f(x)€ R[x;]. Therefore R[x;&le Cly ... (R[x;]h(X)). Again

suppose any f(x)= Zr;:oajxj € Ly .o (RIx; X]R(X)) . Then
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F(X)R[x;x]h(x) =0 which implies f(x)Rh(x)=0 it follows that
ajrh[ =0 forall 7€ R from [14, Theorem 3.9]. Thus a; e l.(Rh) = Re,
which gives a,=ae SO f=fe and therefore
lii .oy (RIX; @]1(X)) = R[x;]e . Hence R[x; ] is left p.q.-Baer.

(2) = (3) Itis straightforward.

(3) = (1) Similar to Theorem 2.2
The concept of & -skew Armendariz ring has been introduced in [8]
which is a generalization of & -rigid ring and @ -Armendariz ring. A ring R is

said to be & -skew Armendariz ring, if for p= Zzoaixi and
q= Z:zobjxj in R[x; @] the condition pg =0 implies a,&' (b;)=0 for

all i and j.
The Armendariz property of rings was extended to skew polynomial
rings in [10]. Following Hong et al [10], a ring R is called ¢ -Armendariz if

for p= Zzoaixi and g = zr;zobjxj in R[x;] the condition pg =0

implies aib ;= O for all i and j. & -Armendariz ring is a generalization of

& -rigid ring and Armendariz ring. Hong et al [10] proved that an -
Armendariz ring is & -skew Armendariz.
In [3] Baser and Kwak introduced the concept of & -quasi Armendariz

ring. A ring R is called quasi-Armendariz ring with the endomorphism ¢ (or
simply & -quasi Armendariz) if for
p(x)=a,+ax+...+a,x",q(x)=b,+bx+...+bx" in R[x;c]
satisfy p(x)R[x;]q(x) =0, implies a;,R[x;a]b; =0 for all 0<i<m
and 0< j <n orequivalently, a,Re' (b ;) =0 for any nonnegative integer

and all i, j . Baser and Kwak [3] also showed that every & -quasi Armendariz

ring is & -skew quasi Armendariz in case that @ is an epimorphism, but the
converse does not hold, in general. Motivated by [3], Pourtaherian and
Rakhimov [15] introduced quasi & -Armendariz ring which is a generalization

of quasi-Armendariz ring. A ring R is called a quasi & -Armendariz (or simply

q. & -Armendariz) ring if whenever p = z:ioaixi and g = Zn b.x’ in

j=0"
R[x; ] satisty pR[x;]g =0, we have a,.ij =0 forall i and j.Itis

easy to see that an & -rigid ring is quasi & -Armendariz.
Here we refer to an Example from [15] that describes about a quasi
& -Armendariz ring which is not & -rigid.

Journal of Mathematical Sciences & Mathematics Education Vol. 8 No. 1 18



Given aring R and a bimodule , M , . The trivial extension of R by

M isthering T(R,M )= R@ M with the usual addition and multiplication
defined as follows:
(1, my)(ry,my) = (1ry, imy +myr,)

Example 2.3 (15, Example 3) Ler R =T(Z,Q) be the trivial

extension of Z by Q, with automorphism & : R — R defined by
a((a,s))=(a,s/2). The ring R is quasi & -Armendariz but is not & -rigid.

Now we show that a quasi Armendariz ring need not be an & -weakly
rigid ring through the following example.

Example 2.4 Let R ={(a,b)e Z@ Z|a=b(mod2)} be a ring

which is commutative reduced ring [9, Example 9], so R is a semiprime ring.
Thus R is quasi Armendariz but not @ -rigid. Now we check that R is an C -
weakly rigid ring or not. Define & : R — R, such that a((a,b)) = (b,a) an
automorphism of R . Let (0,2),(2,0)€ R, then
(0,2)((2,0)(2,0)) = (0,2)x(4,0) =0,
while
(0,2)(2,0x2,0)=(0,8) =0,

Thus it is clear that R is not & -weakly rigid ring.
To prove the results for a quasi & -Armendariz ring we need to
construct Lemma which is given as follows

Lemma 2.5 Let R be a quasi O -Armendariz ring, then the following
conditions hold:

1. If arb =0 then &"(a)rb=0.
2. If aa” (rb) =0 then arb =0.

where a,7,b€ R and m,n be some positive integers.

Proof. (1) Suppose arb =0 and
f(x)=a(a)x,g(x)=bxe R[x;]. Then
f(x)rg(x) = (a(a)x)r(bx) = a(a)o(rb)x* = a(arb)x® =0 which
implies (a)rb =0 or a"(a)rb=0,since R is quasi & -Armendariz.
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2) Consider aa™ (rb) =0 and
f(x)=ax", g(x) =bxe R[x;&] then f(x)rg(x)=aa”(rb)x™" =0.
Thus arb = 0 since R is quasi & -Armendariz.

Theorem 2.6 Let R be a quasi O -Armendariz ring. If R is O -
quasi-Baer ring then R[x; ] is a quasi-Baer ring.

Proof. Let R be a quasi & -Armendariz and & -quasi-Baer ring, and
I be any arbitrary ideal of R[x;c]. Consider I, be the set of all the

coefficients of elements of /. Observe that [, is an & -ideal of R since for
f(x)= 27=0aixi el and g(x)=xeR, we have
gx)f(x)= Z::;O&’(ai)xi+1 €l andso a(a;)€ I, for each i.Thus [ is
an O -ideal of R, which gives [,(I,)= Re for some right semicentral

idempotent e€ R ie. ea;, =0 for any a,€ I,. Now we show that
Leiwar (D = RIx; e . Suppose f=)"ax'el, s0
ef (x) = e(zizoaixi) = Zizo(eai)xi =0 so R[x;ale C Iy ..., (I) . Again
suppose g(x) = zjzobjxj € lpiy.qy(I) which implies g(x)rf (x) =0, it
follows that b ra; = O since R is quasi @ -Armendariz. Then
b;€ly(a;)=Re which gives b, =b,e. Thus g =ge and therefore
liiv:a1(I) € R[x;@]e . Hence R[x;] is a quasi-Baer ring.

Theorem 2.7 Let R be a quasi O -Armendariz ring. If R is left O -
p-q.-Baer ring then R[x; @] is a left p.q.-Baer ring.

Proof. Let R be quasi & -Armendariz left & -p.q.-Baer ring and I be
a left principal ideal of R[x;] which is generated by

h(x)=Y hx'€Rlx;a] ie. I={f(x)h(x)|f(x)€ Rlx;a]}. Note
that ]0 is a left ideal of R which is generated by ho,hl,...,hn i.e.
I,={rh\re R}. Take g(x)=x, g(x)h(x)=xh(x)=) o(h)x"

and so a(h,)e I, for each i. Thus I is an left principal ¢ -ideal of R .
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Since R is & -p.q.-Baer so [ (Rh )= Re, where e, be right semicentral

idempotents of R. Let e=e¢,e, ..., which implies € is also a right

n

semicentral idempotent of R . We show that [ ., (1) = R[x;&]e . For any
h(x) = Zizoh[x € R[x; ]

erh = e(zzlzo(rhi)xi) = z:lzo(e =eye,...¢, )(rhi)xi which  implies

erh=0. Thus R[x;ale Clp .. ,(R[x;a]h(x)). Again suppose any

f(x)=zr;l:0ajxj € Loy (R 1(x)) . Then  f(xX)R[x;alh(x) =0
which implies f (x)Rh(x) =0 it follows that a;rh; =0 for all r € R . Thus
a; € l,(Rh)=Re; which gives a;=ae so f = fe and therefore

lR[w{J (R[x;)h(x)) = R[x;X]e . Hence R[x;c] is left p.q.-Baer.

Ore extension over ¢ -quasi-Baer and & -p.q.-Baer ring

This section discusses about Ore extensions of ¥ -quasi-Baer and -
p.q.-Baer rings. In [9] Hong et al. have shown that if R is an & -rigid ring, then
R is Baer if and only if R[x;,0] is a Baer ring. Nasr-Isfahani et al. [14]

extended this result for & -weakly rigid ring to quasi-Baer and p.q.-Baer ring.
Here we generalize these results to & -quasi-Baer and & -p.q.-Baer ring.

Recall from [13] an ideal I of a ring R with an automorphism &
and an @ -derivation O is called an (a,d)-ideal of R if (I)=1 and
O(I)c I. Aring R with an automorphism & and an & -derivation 0 is
called an (@, 0)-quasi-Baer if the left annihilator of every (&,0)-ideal is

generated by an idempotent of R .
To prove the main results of this section we need the following Lemma
which is a extension of [6, Lemma 1.1].

Lemma 3.1 Let R be a ring with an automorphism & and an O -
derivation O . Then
1. If I isaright (&, 0)-ideal of R, then RI isaright (&,0)-
ideal of R ;
2. If I isaleft (a,d)-ideal of R, then IR isaleft (&,0)-ideal
of R.

Proof. Tt follows from [6, Lemma 1.1].
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Lemma 3.2 Let R be a ring, & be an automorphism and 0 an Q-

derivation of R with 00 = O . Then the following conditions hold:

1. If I bean (&,0)-ideal of R then IR[x;,d] be an (,0)-
ideal of R[x;x,0];

2. If I be aright principal (&,0)-ideal of R then IR[x;,d] be
a right principal (@, 0)-ideal of R[x;,0];

3. If I be aleft principal (&, d)-ideal of R then R[x;,0]I be
a left principal (&, d) -ideal of R[x;a,0].

For a ring R with an automorphism & and € -derivation O with
0 = O, there exists an & -derivation on R[x;&,d] which extends O . For

example, consider the automorphism E and the &-derivation 0 on
R[x;],0 defined by

a(f(x)) = alay)+oa,)x+...+ aa, )x"
S(f (x)) = S(ay)+8(a,)x+...+5(a,)x"

for  all f(x)=a,+ax+...+a,x" € R[x;,J] and
a(r) = a(r),5(r) = 8(r) forall r€ R . We shall denote the extended map

@: Rlx;@,8) = Rlx;@, 5] and J: R[x;@, 8] — R[x;@,8] by &, and
the image of f € R[x;,d8] by a(f),d(f), respectively.

Theorem 3.3 Let R be an (@, 0) -weakly rigid ring, & be an

automorphism and O an Q -derivation of R with 00 = O . Then the
following conditions are equivalent:

1. R isan (@,0)-quasi-Baer ring;

2. R[x;x,0d] is an & -quasi-Baer ring;

3. R[x;,0] is an (@, d)-quasi-Baer ring for every extended ¢ -
derivation 0 of R[x;a,d].

Proof. (1) = (2) Let R be an & -weakly rigid and (&, d) -quasi-
Baer ring, and I be any ¢ -ideal of R[x;,d]. Suppose that I, be an & -
ideal of R which is a set of all the leading coefficients of polynomials in I i.e.
I,={a,e Rl f(x)=ax"+ z:;aixi € I} . Now first we show that [ is
a (a,0)-ideal of R. Take any g(x)=x€ R[x;a,0] and
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f(x)= z:;oaixi el,

g(x) f(x) = xf(x) = a(a,)x"" + z:;a(ai)x”l +8(a,)x" + zgﬁ(ai)xi el
. which gives 0(a, )€ 1. Therefore I, is an (&, J)-ideal of R . Since R is

an (@,0)-quasi-Baer ring so [(/,)=Re for any right semicentral
idempotent e€ R which implies el, =0. For f(x)= z:;oaixi el,

ef (x)= ez;;oaixi =0. Thus R[x;a,0]eC liiras)(I) . Again suppose

gx)= z:lobjxj € lyvasy (1) then g(x)rf(x)=0 which implies
b;ra; =0 since R is & -weakly rigid (from the proof of Theorem 2.2). Then
belg(a,)=Re, so b;=be and thus g=ge. Therefore
lR[x;a,ﬁJ (I) € R[x;&,0]e . Hence R[x;a,d] is & -quasi-Baer.

(2) = (3) It is straightforward.
(3) = (1) Similar to Theorem 2.2.

Corollary 3.4 ([theorem 3.4]14) Let R be an & -weakly rigid ring. If
R is a quasi- Baer ring then R[x;a,d] is a quasi-Baer ring.

Corollary 3.5 ([theorem 3.6]14) Let R be an & -weakly rigid ring. If
R[x;c, 5] is a quasi-Baer ring then R isa quasi-Baer ring.

Now we focus on extending the quasi & -Armendariz property of a
skew polynomial rings, as described in section 2, to Ore extension.

Definition 3.6 A ring R is called a quasi O -Armendariz ring if
whenever p = zzoaixi and g = ijobjxj in R[x;a,0] satisfy
PRIx;a,01q =0, we have a,Rb; =0 forall i and j.

Here, we introduce the concept of (&, d)-p.q. Baer ring which is a

generalization of & -quasi-Baer, (&, d)-quasi-Baer and & -p.q.Baer by the
following definition:

Definition 3.7 A ring R with an automorphism & and an O -
derivation O is called an (@, 0) -p.q.-Baer if the left annihilator of every left

principal (@, ) -ideal is generated by an idempotent of R .
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Theorem 3.8 Let R be an (@, 8) -weakly rigid ring, & be an

automorphism and O an O -derivation of R with a0 = O . Then the
following conditions are equivalent:

1. R isan (,0)-p.q.-Baer ring;

2. R[x;a,d] is an & -p.q.-Baer ring;

3. R[x;a,0] isan (&, ) -p.q.-Baer ring for every extended ¢ -
derivation 0 of R[x;a,d].

Proof. (1) = (2) Let R be an & -weakly rigid (&, ) -quasi-Baer
ring and [ be a left principal ¢ -ideal of R[x;,d] which is generated by
h(x)=) " hx'e€ Rlx;a,6] ie. I={f()hx)|f(x)e Rlx;a.61}.
Note that ]0 is a left ideal of R which is generated by ho,hl,...,hn i.e.
I,={rh 1re R}.

Take g(x) = x,
g(x)rh(x) = xrh(x) = Zloa'(rhi)x”1 n z:;oé'(rai)xi €l and so
O(rh))€ I, for each i. Thus I, is an left principal (,d)-ideal of R . The

proof of the remaining part is similar to Theorem 2.3.
(2) = (3) Itis straightforward.

(3) = (1) Similar to Theorem 2.3

Corollary 3.9 ([Theorem 3.9]114) Let R be an & -weakly rigid ring.
If R is a left p.q.-Baer ring then R[x;a, 0] is a left p.q.-Baer ring.

Corollary 3.10 ([Theorem 3.11]14) Let R be an & -weakly rigid
ring. If R[x; ¢, O] is a left p.q.-Baer ring then R is a left p.q.-Baer ring.

Here, we show main results of this section using quasi (&,0)-
Armendariz ring in place of (@, d)-weakly rigid ring. First, we define quasi
(¢, 8) -Armendariz ring which is an extension of quasi & -Armendariz ring.

Definition 3.11 A ring R is called a quasi (&, ) -Armendariz ring if
whenever p = Zzoaixi and q = zl;zobjxj in R[x;a,d) satisfy
PR[x;,01q =0, we have al.ij =0 forall i and j.
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Theorem 3.12 Let R be a quasi (&, ) -Armendariz and (@, ) -
quasi-Baer ring then R[x;a,0] is a O -quasi-Baer ring.

Proof. Let R be a quasi (&, 0)-Armendariz and (&, d) -quasi-Baer
ring, and I be any & -ideal of R[x;,d]. Suppose that I, be an ¢ -ideal of

R which is a collection of all the coefficients of elements of I . Now first we
show that I, is a (@,0)-ideal of R . Take any g(x)=xe€ R[x;a,d] and

f(x)= z:;oaixi el,

g f)=xf(x)=)" aa)x"+Y Sa)x'el. Thus
Z:;Oé‘(ai)x[ €[ since [ is an @-ideal of R[x;a,d] so O(a)€ .
Therefore 1, is an (@, d)-ideal of R . Since R is an (&, d)-quasi-Baer ring
so [,(I,) = Re for any right semicentral idempotent €€ R which implies
el[,=0. Now to show Iy, 5)=R[xa, Ole.  Suppose
f(x)= Z:;Oa[x" el ) ef = ez ax' = Thus
R[x;a,0]e < lR[x;a,&](I)- Again suppose g(x) = ijobjxj € Lypras) (D)
then g(x)rf (x) =0 which implies bjral. =0 since R is quasi (@,0)-
Armendariz. Then bj €l,(a)=Re so bj = bje and thus g = ge.

Therefore Ly, 5(1) S R[X; @, 8]e . Hence the result follows.

Theorem 3.13 Let R be a quasi (¢, O) -Armendariz and left (&, 0) -
p.q.-Baer ring then R[x;,0] is a left & -p.q.-Baer.

Proof. Suppose R is a quasi (&, 0)-Armendariz and left (&, d) -p.q.-
Baer ring, and I be any left ¢ -ideal of R[x;a,0] which is generated by
h(x)=Y hx'e€ Rlx;a,6] ie I={f(0)hx)f(x)e Rx;a,51}.
Let [ o be the set of all coefficients of elements of /. Then I o be aleft & -ideal

of R which is generated by h,h,,...,h . Note that I is aleft (&, ) -ideal
of R by Theorem 2.6. Since R is a left (&,9d)-p.q.-Baer ring,
lR (Rhi) =R€l- where e, be semicentral idempotents of R which implies
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eiRhi =0. Let €=¢y¢, ..., which implies € is also a semicentral

idempotent of R. Now consider any h(x):z:;()hixie I so

erh(x) = Z?zoer(hixi) = Z::;O(eoe1 ...en)r(h[xi) =0, since € is a

semicentral  idempotent of R. Therefore R[x;, 5]6 cl Rl

x;,0]
(R[x;,0)h(x)) . Again suppose g(x) = Z:;Objxj € Ly vas)(RIX; €, 0]
h(x)). Then g(x)R[x;,d1h(x) =0 which implies that g(x)Rh(x)=0.
It follows that b;rh, =0 since R is quasi @-Armendariz. Thus
bj € lR (Rhl.) = Rei which gives bj = bjeoel ...€, and therefore g = ge
implies lR[

, (R[x;@,01h(x)) € R[x;a, e . Hence the result follows.

x;0,0
Skew power series over ¢ -quasi-Baer ring

In this section we consider the relationship between the properties of
being ¢ -quasi-Baer of a ring R and of the skew power series ring R[[x;]].

Further we introduce the concept of quasi & -Armendariz of power series type
which is an extension of quasi & -Armendariz ring and also an extension of

skew ¢ -Armendariz property of aring R defined in [15].

Theorem 4.1 Let R be an O -weakly rigid ring. Then the following
conditions are equivalent:
1. R isan & -quasi-Baer ring;
2. R[[x;a]] is a quasi-Baer ring;
3. R[[x;]] is a & -quasi-Baer ring for every extended & -
automorphism of R[[x;]].

Proof. (1) = (2) Suppose R is ¢ -quasi-Baer and I be an arbitrary
ideal of R[[x;]]. Let I, be the set of leading coefficients of elements in /
ie. I,={a,€ R| there exists a, x" +Zi:n+le I, for some non-negative
integer 1 and @, € R} . Then Io is an ideal of R . Note that Io is an & -ideal
of R since for f(x)=a,x"+ Zzn+laixi €l and g(x)= x€ R, we have
g f(x)=ala,)x" Zzn+10{(ai)xi €l and so a(a;)€ I, for each i.

Thus Io is an ¢ -ideal of R, which gives lR (Io) = Re for some idempotent
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e€ R. For any f(x)= Zzna[xi €l we have a,€1,, so ea, =0.
Therefore ef (x) = e(zizoa[x’) =ea x+ e(zi=n+laix’) . Since ea, €1,
we get ea, =eea, =0 . Continuing in this way we get ef (x) =0 and so

R[[x;a]le < lR[[x;a]](I) . Proof of remaining part of this Theorem is similar

to Theorem 2.2 Hence R[[x;]] is quasi-Baer.
(2) = (3) Itisclear.
(3) = (1) Similar to Theorem 2.2.

Corollary 4.2 ([Theorem 3.28]14) Let R be an & -weakly rigid ring.
If R is a quasi-Baer ring then R[[x;]] is a quasi-Baer ring.

Motivated by Pourtaherian and Rakhimov [15], we define quasi & -
Armendariz ring of power series type as follows:

Definition 4.3 Let R be a ring and O be an endomorphism of R .
Then R is called a quasi & -Armendariz ring of power series type if for

p= zzoaixi,q = zzobjxj € R[[x;a]], pR[x;alq = 0 implies
a;Rb; =0 forall i and j.

Theorem 4.4 Let R be a quasi O -Armendariz of power series type. If
R is & -quasi-Baer ring then R[[x;]] is a quasi-Baer ring.

Proof. Let R be a quasi & -Armendariz of power series type and & -
quasi-Baer ring, and let  be any arbitrary ideal of R[[x;a]]. Consider I, be

the set of all the coefficients of elements of I . Observe that Io is an & -ideal
of R since for f(x)= zzoaixi €l and g(x)=xe R, we have
gx)f(x)= ZZO&'(Cli)xi+1 € [ and so a(a;)€ I, for each i. Thus I, is
an (-ideal of R, which gives [,([,)=Re for some right semicentral

idempotent e€ R ie. ea, = O for any a, € Io~ Now we show that
Lyean(D) = Rllx;@lle.  Suppose  f(x)=D ax'el,  so
ef (x) = ZZo(eai)xi =0 so R[[x;a]le €l ,.q(I). Again suppose

§(x)= D" bx) € Ly (I) which implies g(x)rf (x)=0. it follows
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that bjral. =0 since R is quasi & -Armendariz of power series type. Then
bj €l,(a,)=Re which gives bj = bje. Thus g =ge and therefore

lR[[x;a]](I) C R[[x;&]]e . Hence the result follows.

7 M.R Khan,Ph.D., Jamia Millia Islamia, New Delhi, India.
£ Prachi Juyal,Ph.D., Jamia Millia Islamia, New Delhi, India.
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