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Abstract

Basic definitions fundamental to the paper are presented. Preliminary
material concerning fixed points and transient points in permutation groups is
developed. A main theorem is established which provides sufficient conditions
for the set of fixed points of a power of a permutation to be contained in the set
of fixed points of another power of the same permutation. A result similar to the
main theorem is provided for the sets of transient points of powers of a
permutation.

Introduction

It is commonly known that the collection Sym(S) of bijections on a
nonempty set S is a group with the operation of composition of functions, and is
called the group of permutations (or symmetries) on S. It is also well known that
Sym(S) is nonabelian whenever |S| > 3 ([1, p. 94, Theorem 2.20],[2, p. 40,

Theorem 6.3],[3, p. 87, no. 30]).

In 2011 results related to commutativity in disjoint permutations were
established [6]. The concept of semidisjoint permutations was introduced in
2013, and results related to commutativity in semidisjoint permutations were
presented [7]. The notions of fixed points and transient points of a permutation
played a crucial role in both of these previous works. Hence the goal of this
paper is to establish properties and relationships of fixed points and transient
points of permutations in Sym(S). Throughout this paper we assume that S is a
nonempty set.

Basic Definitions

We begin with some fundamental definitions and notations which are
pertinent to all of the following results. Permutations, Sym(S), S, , cycles, and

the identity map on S are standard concepts ([6, Definition 1],[7, Definition 1]).
However, they are included here for completeness.

Definition 1: A permutation (or symmetry) & on a nonempty set S is a bijection
o:S—S. The set of all permutations on S is denoted by Sym(S). If S is a finite
set of order n, then Sym(S) will be written S , and is called the set of

permutations on n elements. In this case S can be represented as S = {k}izl It

ae Sym(S) and n is a positive integer, then o is a cycle of length (or order) n if
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and only if there is a finite subset {ai}f:l of S with the property that o(a;,) =
a;,,, for1 <i<n-1, a(a,) = a,, and oux) = x for each xe S— {ai}:;l . In this case
o is written o = (al,az,--‘,a“). Furthermore, if oe Sym(S), m is a positive
integer, and n is an integer, then o™ is the result of a operated with itself m

times, and o™ = (oc_l)n = (oc“ )71 . Finally, o’ is the identity map 1 on S.

The definitions and notations for fixed points and transient points of a
permutation on a nonempty set appeared previously in publications related to
commutativity in disjoint permutations [6, Definition 2] and semidisjoint
permutations [7, Definition 2]. Nevertheless, they are provided here since they
are the primary focus of the paper.

Definition 2: Suppose S is a nonempty set, p,qe S, and o€ Sym(S). Then p is a
fixed point of o if and only if op) = p. In contrast, q is a transient point of o if
and only if o(q) # q. The set of fixed points of o is F, = {xeS|0c(x) = x}; the set

of transient points of atis T, = {xeS|0c(x) * X}.

Preliminary Results

The identity map 1 on a nonempty set S has a crucial role as the identity

element in the group Sym(S). Thus we begin by establishing the sets of fixed
points and transient points for this special permutation in Sym(S).

Corollary 3: If S is a nonempty set, then §_ =Sand T, = .

Proof: By the definition of the identity map, we have 14(x) = x for each xeS.

Therefore xe F for each x€ S, and so S ¢ F_. However, by Definition 2 we
have F_ = {xeS|1S(x) :x} c S.Hence F_ =S.
Consequently, T, =S—F_ [6, Corollary 3] =S-S={.

Clearly if ae Sym(S) and x,ye S, then a(x) =y if and only if o' (y) = x.
Based on this simple observation, we now formally establish the fact that each
permutation on S has the same set of fixed points as its inverse.

Lemma 4: If ae Sym(S), then F, = F ..

Proof: From the basic property of an inverse function that ou(x) = y if and only if
oc"(y) = X, we have xe F, if and only if ou(x) = x if and only if o'(x) =xif
and only if xe F . Therefore F, = F ..

Journal of Mathematical Sciences & Mathematics Education Vol. 9 No. 1 2



Alternatively, if xe F,, then o(x) = x. Therefore o0 '(x) = a'[ox)] =
oloux) = I3(x) = x. Thus xe Fa,. ,and so F, < Fa,, . Conversely, note that
(0(")71 = a. Then by the above argument, F . < F(o(' p = F, . Hence we have
E,=F..

As a third argument, since o' € Sym(S), then o' is a well defined, 1-1
function. Therefore xe F, if and only if a(x) = x if and only if o aux)] =
a7 (x) if and only if o"'au(x) = a”'(x) if and only if I(x) = a'(x) if and

only if x = o' (x) if and only if xe E .. Consequently F, = F ..

In 2011 it was proven that for each permutation o on a nonempty set S,
F, and T, are set complements relative to S [6, Corollary 3]. This fact is useful

in producing a result for transient points analogous to the one in Lemma 4 for
fixed points. More specifically, we now show that each permutation on S has the
same transient points as its inverse.

Corollary 5: If ae Sym(S), then T, = T ..

Proof: If ae Sym(S), then T, = S—F, [6, Corollary 3] = S— Fa,, (by Lemma 4)
= Ta,. [6, Corollary 3].

Lemma 4 can be substantially generalized with a simple observation.
More precisely, if o is a permutation on S and n is an integer, then o™ is the

inverse of " according to Definition 1. Hence we have the following result.
Theorem 6: If e Sym(S), then F, = E ., for each integer n.

Proof: Since ae Sym(S), then a" € Sym(S) and (Oc“ )_l = o " by Definition 1.
Thus by Lemma 4, F ., = F(a")" =F..

Similar to the relationship between Lemma 4 and Corollary 5, we can
immediately establish a result for transient points analogous to the one for fixed
points in Theorem 6. Therefore we present the following corollary.

Corollary 7: If ae Sym(S), then T, = T ., for each integer n.

Proof: If n is an integer, then T , = S—F, [6, Corollary 3] = S—-F , (by
Theorem 6) = T . [6, Corollary 3].
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Alternatively, an approach similar to the proof of Theorem 6 can be
employed. Thatis, T , = T(a" y (by Corollary 5) = T _, by Definition 1.

The following result reveals a relationship between the set of fixed points
of a permutation 0. on a nonempty set S and the set of fixed points of powers of
o. In particular, if o is a permutation on S, then any fixed point of o is also a
fixed point of any power of .

Theorem 8: If oie Sym(S), then F, < Fu“ for each integer n.

Proof: Suppose xe F, = {xeS|0c(x): x} by Definition 2. Then xS = F_ (by
Corollary 3) = FE, by Definition 1. Furthermore, xe F, = E, by the
hypothesis.

If k is a nonnegative integer and x€ F ., then o*(x) = x. Therefore

o'(x) = of[a*(x)] = o(x) = x since xe F,, and so xe E,,. Thus by

induction, x€ F , for each integer n 2 0. Consequently, x€ F ., for each integer
n=0since F, = F_, by Theorem 6.
o o

Hence if xe F, thenxe F, for eachintegern, andso F, c E ..

We now present another fact about transient points corresponding to a
similar one for fixed points. That is, an inclusion relationship also exists
between the transient points of o and the transient points of any power of .
However, in the case of transient points the set theoretic relationship between
the set of transient points of a permutation & on S and the set of transient points
of powers of ol is reversed relative to the relationship for fixed points established
in Theorem 8.

Corollary 9: If ae Sym(S), then T(x" c T, for each integer n.

Proof: If aeSym(S) and n is an integer, then F, < E. by Theorem 8.
Therefore Ta,, =S- F(x" [6, Corollary 3] € S—F, = T, [6, Corollary 3].

We complete the preliminary results with a lemma which will be useful
for the main theorem and corollary to follow. Lemma 10 establishes the crucial
fact that if o is a permutation on a nonempty set S, Xxe S, m is a nonzero integer,

a™(x) = x, n is an integer, and r is the least residue of n modulo |m| , then

a"(x) = a'(x).
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Lemma 10: Suppose ae Sym(S), m is a nonzero integer, n is an integer, and
xe F.. . Then a"(x) = o"™)x) .

Proof: Suppose that m > 0.

Since m is a positive integer and n is an integer, then by the Division
Algorithm there exist integers q and r such that 0 <r < m-1 and n = mq + .
Then r is a least residue modulo m and n = r (mod m), so that r = n (mod m).
Furthermore, since xe F, then xe F(mm)q = F,. by Theorem 8. Therefore

xe E _,, by Theorem 6, and so o™ (x) = x. Thus oc"(m"d‘m‘)(x) = "™ (x)

(sincem>0)=a'(x) = "™ (x) = «"[0™M(x)] = A" (X).

For an alternate proof, note that (Oc‘“)o(x) = a’(x) = ;(x) = x.

Furthermore, since xe F , , then ((x"‘)l(x) = o™ (x) =x.

Now suppose that k is an integer, k = 0, and (Ocm)k(x) = x. Then
@) = a™rx) = ama™x) = al@) ] = a"(x) by the
induction hypothesis) = x since x€ F , . Thus by induction ((x"‘)K(x) = x for

eachk > 0.
If k is an integer and k < 0, then —k > 0. Furthermore, since xe F(x"‘ , then

xe E_, as well by Theorem 6. Therefore (oc‘“)k(x) = ™ (x) = ™I (x) =
(oc_m )7k(x) = x by the argument above fork 2 0 since -k >0 and xe E ., .

Consequently (otm)k(x) = x for each integer k. Thus if n is an integer,

then by the Division Algorithm there exist integers q and r such that 0 <r < m-1
and n = mq + r. Therefore r is a least residue modulo m and n = r (mod m), so
that r = n (mod m). Hence a'(x) = a™™(x) = a'[(a™)(x)] = a'(x) (by the

n(modm)(x) — an(mod‘m‘

induction argument above) = o )(x) since m > 0.

On the other hand, suppose that m < 0, so that —m > 0. Furthermore, since
xe F . then xe E . by Theorem 6. Then by the argument above for m > 0,

an (X) — an(mod‘—m‘)(x) — an(mod‘m‘)(x) ]

Thus if o is a permutation on a nonempty set S, m is a nonzero integer,
and xe Fum, then there are only a finite number of distinct values in the

|m|-1

collection {oc“ (x)|n is an integer}, namely {OL“ (x)}“:0 .
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Main Results

The following main theorem generalizes Theorem 8. More specifically,
Theorem 8 is a special case of Theorem 11 for m = 1. Furthermore, a
relationship similar to the one between Theorem 8 and Theorem 11 also exists
between Corollary 9 and Corollary 12. That is, Corollary 9 is a special case of
Corollary 12 form = 1.

Several pairs of corresponding relationships between fixed points and
transient points were validated in Lemma 4 and Corollary 5, Theorem 6 and
Corollary 7, and Theorem 8 and Corollary 9. Theorem 11 establishes sufficient
conditions on integers m and n to guarantee that F, < F ,. Similar to the

results referenced above, Corollary 12 provides the corresponding relationship
for transient points.

Theorem 11: Suppose S is a nonempty set, oe Sym(S), and m and n are
integers. If m | n then Fa,“ c Fu“ .

Proof: Suppose that o.e Sym(S), m and n are integers, and m | n.

0

Case 1: Suppose n = 0. Therefore o' = o = I, sothat E, = F_ =S by
Corollary 3. Thus F,, = {xeS|a™ (x) = x} (by Definition2) c S = F,, .

Case 2: Suppose n > 0. Since m | n then m = 0.
If m > 0 then n = 0 (mod m) since m

n, and so n(mod m) = 0. Thus if
xe F ,, then by Lemma 10 o"(x) = a’(x) = I5(x) (by Definition 1) = x.
Therefore xe F(x" , and so FOcm c F(x" .

If m < 0 then —m > 0 and (—m) | n as well. Therefore Fa,m c Fa,, by the

argument above for m > 0. Since F, = F ., by Theorem 6, then ., c F, .

Case 3: Suppose n < 0. Similar to Case 2, since m | n then m # 0. Furthermore,
—n > 0 and m | (—n) as well. Therefore FOcm C Fa,n by Case 2 above. However,

since F(x" = Fa,n by Theorem 6, then F(x"‘ C Fa,, .
Hence in all possible cases, if m | n then Fa,“ c Fu“ .

We conclude with a result for transient points analogous to that of
Theorem 11 for fixed points. Comparing the relationship between F, and E,

in Theorem 8 with the relationship between T, and T, in Corollary 9, it is not
surprising that the set containment relationship between T , and T, in

Corollary 12 is reversed relative to that of F, and F, in Theorem I1.
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Corollary 12: Suppose S is a nonempty set, o Sym(S), and m and n are
integers. If m | n, then Ta" C Tum.

Proof: Suppose that o.e Sym(S) and m and n are integers. If m |n then E. c
E. by Theorem I1. Therefore T, =S—F, [6, Corollary 3] € S-F. =T
[6, Corollary 3].

Concluding Remarks

If oie Sym(S) and n is an integer, then clearly 1 ln. Thus E, = FOcl C Fu“

by Theorem 11, thereby establishing Theorem 8 as the special case for m = 1 in
Theorem 11. Furthermore, since lln then Toc“ c Tal = T, by Corollary 12,

establishing Corollary 9 as the special case for m = 1 in Corollary 12.
Note that the converses of Theorem 11 and Corollary 12 are false. For

example, suppose S is a nonempty set, |S| >2,x,y€S, and x #y. Then o = (x,y)
is a transposition in Sym(S). Therefore T, = T, =Y and F, = F_ =S by
Corollary 3, while T ; = T, ={x,;y} and E, = E, =S—{x,y} [6, Corollary 3].
0c| =2 ([4, p. 133, Lemma
3.2.3],[5, p. 46]). Thus for each integer n, o' = "™ Hence F, = F, =
S—{x,y}, Ta3 = T(x' ={x,y}, Fa4 = Fa(, =S, and TM = T(x" = J. Consequently
Fa3 C F@4 and Tw c To(3 ,but3]4.

It might be conjectured that Theorem 11 and Corollary 12 could be
generalized. For example, if m and n are integers and 1 < m < n, is it necessarily
true that F, < F, (or equivalently that T , < T , [6, Corollary 3])? More

Furthermore, since o is a cycle of length two then

generally, if m and n are integers and 1 < |m| < |n| , 1s it necessarily true that
F.cF,orT,cT,?
o o o o

Note, however, that a counterexample for the case for fixed points will
immediately refute the case for transient points as well [6, Corollary 3].
Furthermore, a counterexample for the case of 1 < m < n will also serve as a
counterexample for the case of 1 < |m| < |n|

To this end, consider the transposition o = (x,y) on S defined above.
Since o = o"™“? for each integer n, then F, = F, =S, T, =T, =@,
E.=E, =S-{xy},and T, =T, ={xy}. Thus1<2<3,but F. € FE,

and T, € T..

t Richard Winton, Ph.D., Tarleton State University, Texas, USA
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