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Abstract

In this note we present the estimates for the median of various classes of
Shakil-Kibria-Singh(SKS) distribution which is the solution of the Generalized
Pearson Differential Equation(GPDE). Finally we show that the median of SKS

distribution is connected to a Ramanujan sequence 49n which is the solution to a

famous Ramanujan equation.
6,-1), n=0,1,2,---

1. Introduction

A continuous distribution belongs to the Pearson system if its pdf (probability

density function) f satisfies a differential equation of the form

! if(x):—#,
f(x) dx bx"+cx+d
(1.1)

where a,b,c,d € R are real parameter such that f (x) is a probability density

function of some continuous random variable X . Recently some researchers
have considered the generalization of Pearson differential equation (1) as
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where a ;, b i € R are real numbers and m,n € Z_ are positive integers. The

differential equation (1.2) is called the Generalized Pearson Differential
Equation (GPDE). The set

Zajxj
S= f(x)zo:Lif(x)zfj’—,aj,bje Rim,ne Z,  of

f()C) dx ijx]
=0

probability density functions f(x) is called generalized Pearson System.
Shakil-Kibria-Singh [5] consider GPDE (1.2) with

m=2p,n=p+l,a,=0,j=L---p—Lp+l,- 2p—1,b=0,j=01,--, p,b_, #0andx>0.

pt

The solution to this special case of GPDE (1.2) is given as

f(x)=Cx""exp(-ax” — fx"), x>0,a,8>0,veR
(1.3)

a a +b
a=— P ’ﬂ: 0 y=_r Pt

1 , b
pbp+l pbp+l b[H—l

#0,peZ,,C isa

p+l

normalizing constant is called Shakil-Kibria-Singh (SKS) distribution, see
Shakil et al. [5] and Hamedani [4]. The characterization of SKS distribution has
been obtained in Hamedani [3]. As pointed out by Shakil et al. [5], the SKS
distribution can be classified into following three classes:

ClassI: >0, £=0,v>0,and p>0;

14

(7]

ClassII: =0, >0,v<0,and p>0;

C=

(1.4)
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(1.5)

ClassIII: =0, f#>0,v<0,and p>0;

(1.6)

In this note we develop the estimates for the median for the various classes of
SKS distribution and show that the median of the gamma distribution is a
special case of SKS distribution. Further, we have shown that the median of

SKS distribution is remarkably connected with the Ramanujan sequence 6, ,

namely,

noi
6, ﬂ—(fj j e 't"dt
n

n

(1.7)

where A is the median of SKS distribution and Hn is the solution of the famous

Ramanujan equation

[SSRIE
=
N |~

(1.8)

2. The Median of SKS Distribution

The median of a random variable X is defined as a number m € R such that
1 1
P(X Sm)ZEand P(X Zm)ZE.
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For an absolute continuous probability distribution with the pdf f , the

median m satisfies the equation
K 1
P(X <m)=P(X >2m)= j fode=—

For Class I, we have @ >0, 8=0,v >0 and pe Z, and

v

P

f(x)=Cx""e™ , where C = pa
14
p

Let A be the median of SKS distribution. Then, from the above definition of the

, and Z, is the set of all

positive integers.

median, A is uniquely determined by the equation

¢ 1
}[f(x)dx :E

2
.[ X e ™ dx = 1
0 2

Now, using Eq. (2.1), we will establish various results which are provided
below.

Case (2.1) We have
—P _ (—axf) " (—oxP P N (—oxP )
T L 2! 3!
Then x' lg %% = yu-1 e + glAfFITE g grEed

1! z! 3!

Hence, from Eq. (2.1), we have
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_ﬂ&'% i -1 pxplpFu—il wfplipru-1l) ipl3prr—1l _
gl (0 - () e (B ) - (B ) e e

v v
poF {(r{”}) axP el glplzpvl 3 (3peu) + } 4 poP {A‘" ellpEel
}'__E v (p+wlt! * (zp4u)at (2p+uly o Tr ;JI v (p+edul
ialzp=ul a3 alspeul }
(2p+ul2! - (2p+ulz!
=§ , which implies

' aZnﬂ(anH/) o a2n+lﬂ(2n+l)p+v 1

2 2 5

5 2np +v)n! B o [2n+Dp+v]2an+1)! h 2
2.2)

Case ( 2.2): Let Va=tp

In equation (2.1), we have

p_afxp_le_“xpdx _1
r()? 2
That is,
i p-1 _—ox”
p(xj- apx” e dx :l
r); -ap 2

—CKXP

. -1 . . —ax’ T
Since —apx""e is the derivative of —e “" , so on simplifying and

. . 1
evaluating above integral, we get e~ %% = >

That is,

1
l:[an}p
o

Case (2.3) Let v=1. Then from (2.1) we have

2.3)

Journal of Mathematical Sciences & Mathematics Education Vol. 9 No. 2~ 24



paP 04 —gxP _ L
H}J_ru = dx = (!) .
In particular, when p = 2, we have

ﬂn'z_lu-n —a dx="14.

)

That is,

rl'—}

4{2’2

_I"D —ax* dx

Substituting y =+/a x, then above integral reduces to

i i_
Ja [ dy ==

-
ot

NI "|

That is,

ﬁ!

_I.-Dx'a.l —p? dy =
2.4)

Case (2.4): From (2.1), when p =1, we have

a¥ pdo g _ 1
—_|FD x' e "”dx=; .

i
1 3 tV—l
dx =—dt X = —
Let ax =t . Then &  and a so that
ad £l i d 1
el gioo
f[v] alt— a1t 2

That is,

al 4 _ i
_ru x "Erdx=T.

2.5)

For v =1, the Eq. (2.5) reduces to
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o pal .1 al _ et “‘1_ —gal _ 1
E_rp ?rEdt=_rD E‘rdt—_—]—]n —{1—9“}—5,

which gives

In( 3y
] = s

o

(2.6)
Case (2.5) From Eq. (2.1), for p =2 and v = 1, we have

i

20T pd .7 _ 'E.l_xz 1
ﬂ:‘ﬂ_rnﬁt dx—z"kil;jn?t dx—;.

From the above equation, using the definition of error function, that is,
2
e

erf(z) = _rnx et @z, we obtain the following equation:

erf(iJEFI 1

s o

which can be solved numerically for A , for different values of the parameters
@ and O . For example, (i) when & =1 and 0 =1, we have 4 = 0.32, and

(ii) when & =2 and 0 =1, we have 4 = 0.103.

Again, if n=V —1, and, in particular, Vis a positive integer, then, from Eq.
{2.5), we have

a
D—ll JFDH T e Fdx=1/2

2.7)

We know that the median ﬂn of the gamma distribution of order 7 + 1 with

parameter 1 is given as

Aﬂ
1 I x"e “dx = 1
nly 2
2.8)

~

It follows from (2.7) and (2.8)
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2.9)

As discussed in Alzer [2] and in view of equation (2.9) the value of the median
of SKS distribution satisfies the inequality

1
2(m+1)

n+ gi < oA <min (n + log2, S + ), wheren=0,1,2, ...

(2.10)

and the asymptotic expansion for oA is given as

2 64 3 7044
4p5n 5483n?  452075n

00»=n+§+ - +0(n_14)

@2.11)

Using Eq. (2.11), we have computed some values of al , which are provided in

the following table.

n=r-1 ah =M al = al
1 1.679860939... 6 6.669638167... 11 11.66836325...
2 2.674155653... 7 7.669250027... 12 12.66822912...
3 3.672079099... 8 8.668951525... 13 13.66811465...
4 4.670914567... |9 9.668714826... | 14 14.66801579...
5 5.670163481... 10 10.66852254... | ....... | ......

Case (2.6) In Class Il when a=0,$>0,V <0Oand p€ ZJr

P —1_—fix~P
f{x] =— yU—1g—Bx
gor(-)

Now _I"; fladdx = % implies

A 1 _—gxF 1 ki
Cz.r[:- xVlgmFx dx:; where, ¢, =| <

; (Y

When we consider p =1,
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(%) ‘11.-'+19—E _ (”?'"1:] ‘1{1-'+23-e{_% _ ("'F#) ‘1{1.-'+§Ee{_g} —tu

g

{w+{—w+223 {_% e{_
(—v + 2y qati-vrdiss & Lyt (—v + 11} 2

=1
(2.12)

For the case V =-1, p =1, we have

=2l = (-£—~ £
©° (ﬁ{;-;sr[- aj- RS ?j *

2.13)

Case (2.7) Class Il when o> 0,3>0,veRand pe€e ZJr

w=Cortent s, cn() (et
[ L

Where ¥ {E) |[2 Jab J represent the modified Bessel Function of third Kind
Median: [ f(x)dx = [ ap-1gma®—px? gyt
edian: -ruf dx—;, Csl, 2" e x=3

When p=I1, a=B, v=-1, then:

f(X)=( - )X'ze"[ﬂ -

Iz

then

1 S —— I —_ 1
{l—ga l—a_ruemzdx}=—,
2aRyram 1

For p>1 ,v=p,

p__1 _ap
AP= ﬂln(l zl:,)

(2.14)
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3. Ramanujan Problem and its relation with the median of SKS distribution

The following problem was posed by Ramanujan [ 6]: for n =1,2,3,...

show that

en n I/Lk nk

—=) —+—(6,-1), 6€[l/3,1/2]
2 =kl k!

3.1

The above Ramanujan problem (3.1) has attracted the attention of many
researcher see for example various references cited in [1, 2].

We have
en n nk nn
AT
2 &kl on!
! n n k
LS e

ie., k=0 7

.6, " _on

l1e., "= (?—kzpj

(3.2)

As observed in Alzer [2] the median ﬂn of gamma distribution is connected

with Ramanujan sequence 9n as follows:

nz’/l
e
1-60 =| — e 't"dt
=[5

(3.3)

Now it follows from equations (2.9) and (3.3) the median of SKS distribution

A is connected with the Ramanujan sequence Hn as
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nal
6 = 1—(fj [erar
n

n

(3.4)
,where ¢ >0isa parameter in SKS distribution.
4. Concluding Remarks

For class I of the SKS distribution, the probability density function f is given

as

vip 4
fx)= ijv_le“’" dx.
I'v/p)y

With some particular choice of parameters, such as considering V as a positive

integer and taking n=V—1, we prove that the median of the gamma
distribution is a special case of the Median of SKS distribution when parameter
& is chosen as 1. In view of this relation various properties developed for the
median of the gamma distribution will be automatically applicable for the
median of SKS distribution. It is the subject of further investigation that the
median estimated in various other cases of SKS distribution can reveal some
close connection between the probability theory and the number theory like
class I of SKS distribution.
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