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Abstract

The discrete case of the Minkowski inequality for p =2 is a well-known triangle
inequality over the set of complex. This paper presents a new Minkowski-/ike
inequality over the set of reals.

Introduction

The triangle inequality states that given any triangle with sides of length, a, b,
and ¢, then ¢ < a + b. Equivalently, for complex numbers z; and z, we
write |z; + z,| < |z;| + |z,|, where |z| represents the norm of the vector. If we

define
1

lal = (Zlak|2>2

to be the norm of vector a = (a,;, a,,-,a,) € C"* where C" is the usual n
dimension vector space over the reals, we have a triangle inequality in C*. The
discrete case of Minkowski’s Inequality for p = 2 is such a triangle inequality.
Here is a popular proof.

Theorem. Let a,, a,,:*+,a, and by, b,,-:-, b, be complex numbers, then
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n 2 n 2 n 2
2 2 2
Do +nl" | < Dlal" | +{ Dbl
j=1 j=1 j=1

Proof [1, p.25]. Let

n n n
A=Z|a]-|2, B=Z|bj|2,andC=Zaj5].
j=1 j=1 j=1

If B=0, then b, = 0V k and the conclusion is trivial. If B > 0, then

n n

Mg+l = (@ +5)(@+5)

= =1
n n n n
=::E:CUa}4':E:(ylb'+zgzlyd}4':E:lyh
j=1 j=1 j=1

j=1
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=A+C+C+B
=A+2Re(C)+B
<A+2|C|+B

<A+2VAVB+B

- (VA+VB)".

The second inequality is Cauchy’s inequality (or CBS-Inequality).

A Minkowski-like Inequality over R"

If we define
1

n P
|a|=<2akq> , p=273,..,€EN,p>q

k=1

for vector a = (a,, ay,*,a,) € R*, a; = 0, then we have a Minkowski-/ike
inequality over R™.

Theorem. Let ay, a,,-+,a, and by, by, -+, b, be real values where a;, b, =
OV k,thenforp=2,3,...,q e N,p>q,

n p n

1
n P
Z(aj +bj)q < zajq + Zb]q
j=1

j=1 j=1

S

Proof.
If a; + by = 0 V k, then the conclusion is trivial. Using induction set p =2 and

we have,
1

n 2

1 1
n 2 2 n
q
j=1 j=1

j=1
This is a case of the Minkowski’s Inequality over the set of reals. Now, assume
1 1

n P n P

1
n P
Z(aj"’bj)q < Zajq + ijq for p > 2 then
j=1 '

Jj=1 Jj=1
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j=1
1 -1
n P/ n p(p+1)
S CED R EDICED))

j=1 j=1

|[ n P n %-I n #’11)
< | Z a]q + Z b]q | Z(a] + b])q

| U= =1 |\V=

(Xh )P + b

_1 1
(=i ( + b;)" )P (X (a + b;)T )P+

(Z}Ll ‘7‘1"1)5 + (Z}Ll qu)5

n g4 p(p1+1) n _pd p(p1+1)
z:]—1 J 21—1 J

A 1
n p+1 n p+1

= Z ajq + Z b]q

j=1 j=1

Hence the inequality,

1 1 1

<i(aj + bj)q>p < (Zil: aﬂ)p + <i qu)

istrue for p = 2,3,...,q EN,p > q.
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