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Abstract

Let f - Q —> R be a continuously differentiable function of ¥inQ,

where Q < R" isan open, convex set and N > 1. Let FeQbea given point.
We prove that if there exists a Vector; such that Vf' (g) . t is not a local
extremum value of Vf’ (}?(t ))e )\:} for points ,e(t )= By t; on the line through
the point & for? € I, where I is an interval such that f¥nen

if tel, and if Ois not an accumulation point of the set

S={tel] Vf(g(l‘)) 0;= Vf(g) o ):} , then there exist points &, g in
Q suwchthat 7(b) = F& =V E)o (b -8

Introduction

One version of the mean value theorem states thatif /- Q —> Risa
continuously differentiable function of ¥ onan open, convex set Q2 C R" and
ctlJ , g in ) are given points, then there exists a point E} € Q such that

f(g) — f(c[I)) = Vf(g) o (g— g) (see, e.g., [2]). The question to be
considered here is: If f - 0 —> R is a continuously differentiable function of
JC) on an open, convex set Q C R" and g € Q is a given point, then do there
exist points &, g in Q such that f(g) —f(g) = Vf(g) . (g— g) ? In this
paper, we prove that if there exists a vector )\:} such that Vf (([:3 )e ): isnota
local extremum value of Vf (E(t)) . i;} for points ?(t) - ﬂy on the line
through the point & for t € I, where I is an interval such that ch(t )eQ if

t € I, and if O is not an accumulation point of the set

S={tel] Vf(?(t)) Oi’J: Vf(g) . t} , then there exist points &, g in
Q such that f(0)— F&=vrEyelh -8 .

Journal of Mathematical Sciences & Mathematics Education Vol. 12 No. 1 1



Several authors have studied the converse of the mean value theorem for
functions of one variable (see, e.g., Almeida [1], Mortici [3], Tong and Braza

[4]). For example, Almeida [1] proved that if f is a continuous function on an
interval [a,b]C R and differentiable on the interval (@, b ), then there exists
aninterval (@, ) C (a,b) withce [a, S Isuchthat f(f)— f(a) =
f'(e) f—a),ifthere exists k, >0 suchthat (¢ —k,,c +k,) c(a,b)
and f'(c—k< f' (c)< f' (c+ k) forallke (0,k).

We have not seen any work by other researchers related to the converse of the
mean value theorem for functions of several variables.

The paper is organized as follows: The main result, Theorem 1, is presented and
proven in the next section. A lemma supporting the proof of Theorem 1 appears
in the Appendix at the end of this paper.

A converse of the mean value theorem

The purpose of this paper is to prove the following theorem:

Theorem 1: Let ' : Q0 —> R be a continuously differentiable function of
¥ e Q, where Q < R" isan open, convex setand N > 1. Let
E eQbea given point. If there exists a vector): such that Vf(g) U g

is not a local extremum value of Vf(?(l)) o t Jor points ?(t) = g-i- ti:}

on the line through the point ¥ for t €1, where I is an interval such that
k'(t) eQ if t el ,andif 0is not an accumulation point of the set

S={tel] Vf(?(t)) Oi’J: Vf(g) . ij} , then there exist points &, g
in Q suchthat fB)— &y =vrEyeh-8) .

Proof:

Suppose that there exists a vector ]t) such that Vf (g )e ; is not a local
extremum value of Vf (}?(t ))e )\:} for points ,e(t )= [ t): on the line through
the point & for# € I , where I is an interval such that ¥oyeQirtel, and

suppose that 0 is not an accumulation point of the set

s=wel|viRoyek=vr&)ely.
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Let h(t) = Vf (gﬂ‘ly) . ; Then /(0) is not a local extremum value of

h(t) fort € I ,and 0 is not an accumulation point of the set
S ={tel|h(t)=h(0)} .1t follows from Lemma 1 (which appears in the
Appendix) that there exist numbers #,,7, € I such that ¢ 1 < O0<t , and

h(0) = — [ " Wr)dr .
t gl

274
Therefore, we obtain the following result:

1(0) = i ) W(z)dz
- it .[tlZVf(g+fﬁ)0kpdr
- i [ vi &) e Lr)dr

2 1

L g k@)

t,—t, " dr

2

L r@oun-rdey

L O

2

where we define (‘1)=§(l‘l)=g+ t, ]t) and we define gzg(tz)zg-l- t, i’)

Note that k)(l‘l) € Q and k)(tz) € Q) because t, € [ and ¢, € ] and because
ch(t) inQ) fortel.
Sinceg— gz (t, -t )): , it follows that

O)=viE Yok ——!

tz_l

v ¢ yeb-8)
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2_t1

) =& =vrBeb-b).

And since i(0) = (FB) = £(B). it follows that

This completes the proof of the theorem.

T Diane Denny, Ph.D., Texas A&M University-Corpus Christi, USA
References

[1] R. Almeida,“An elementary proof of a converse mean value theorem”,

Internat. J. Math.Ed. Sci.Tech., 39 (2008), no. 8, 1110--1111.

[2] T. Apostol, Mathematical Analysis, Addison-Wesley: Reading, 1974.

[3] C. Mortici, “A converse of the mean value theorem made easy”, Internat.
J. Math. Ed. Sci.Tech., 42 (2011), no. 1, 89--91.

[4] J.Tong and P. Braza, “A converse of the mean value theorem”, Amer.
Math. Monthly, 104 (1997), no. 10, 939—942.

Appendix

Lemma 1: Let h: I —> R be a continuous function where I < R is an

open interval, and let t, € I be a given number . If h (1) is not a local
extremum value of h(t)in 1 , and L, is not an accumulation point of the set

S={tel|h(t)=h(t,)}, then there exist numberst,,t, € I such that

! ) " h(z)dr.

t, <t,<t,and h(t,) =
t —

27 h
Proof:

Suppose that % (¢ o) is not a local extremum value of h(l‘) in/, and #,is not an
accumulation point of the set S’ = {t € I | h(¢) = h(t,))} . Since?,is notan
accumulation point of the set S = {t € I | h(¢) = h(t,)} , it follows that there
exists a neighborhood N < I of f,such that /(t) # h(t,) for all
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te N\{t,}. Sinceh is continuous and / (%) is not a local extremum value
of A, it follows that either A(t) > h(¢,) for t > ¢, and h(t) < h(t,) for
t<t,, or h(t)<h(t,) for t >t, and h(t) > h(t,) for t <t,, where
treN.

First, suppose that A(t) > h(t,) for t > t, and h(t) < h(t,) fort <t,,
t

where 1€ N . LetG(¢) = J‘ h(z)—h(t,)d7 . 1t follows that there exist
lo

numbers @, , bl in N suchthat @, <?, <b, and G(al) >0, G(bl) >0.
Note that G(#,) = 0. Therefore, by the continuity of G(#) and the
Intermediate Value Theorem, it follows that there exist numbers?, , £, in

N such that G(¢,) =G(t,) and a, <t; <t, <t, <b,.

Then [ h(e)=h(ty)dr = ?h(z') ~ h(t,)d7 , and it immediately follows

thath(t,) = - . [ h(eydr.

— 1 L
T h

Next suppose that A(f) < h(to) for £ >, and h(t) > h(t,) fort <t,,
t

where # € N . Since G(t) = '[ h(t)— h(t,)d7 , it follows that there exist
ly

numbers €, , d, in N suchthat ¢, <t, <d, and G(c,)<0,G(d,)<0.
Note that G(,) = 0.Therefore, by the continuity of G(¢) and the Intermediate

Value Theorem, it follows that there exist numbers?, , ¢, in N such that

¢ <t <t,<t,<d, and G(¢,) = G(t,) . It immediately follows that
1
h(t,) =

L=
This completes the proof of the lemma.

.[tz h(r)dr.
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