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Abstract: This paper discloses the vital role played by the gradient of a scalar
point function in the derivation of the expression for angle in Cartesian
coordinate geometry. Treatments are offered in respect of finding the angle
between (i) two given straight lines (planes), and (ii) two given planes (tangent
planes).

Introduction

One of the important issues in the study of the traditional two dimensional
Cartesian coordinate geometry [1-4] is the problem of finding the expression for
the angle between two given straight lines. In three dimensional case, i.e. in
three dimensional Cartesian coordinate geometry, one is concerned in finding
the expression for the angle between two given planes. Analytical methods are
employed for the derivation of the expression for the angle in each of the above
cases. The expression of the angle so obtained is then employed to find the
condition of parallelism and perpendicularity of the given straight lines (planes).

That the gradient of a scalar point function play a vital role in the procedure of
derivation of the expression for the angle in different cases in Cartesian
coordinate geometry is of prime concern in this paper. Based on the fundamental
concept of gradient of scalar point function, derivations are offered in this paper
for finding: (i) the expression for the angle between two given straight lines, (ii)
the expression for the angle between two given planes, (iii) the expression for
the angle between the tangents drawn at two given points lying on a given curve,
(iv) the expression for the angle between the tangent planes drawn through two
given points lying on a given surface.

The derivations offered with the application of the fundamental concept of
gradient in the aforesaid context are novel, general, simple and straight forward.
As a result, they will enrich the long-running literature there by increasing the
range of applicability of vector algebra and vector calculus as well.

Preliminaries

Dot product: If A and B are two vectors, their dot product denoted by A. B, is
defined as A. B = |A| [B| €058, where 0 is the angle between A and B such that
0°= 8 =180°

Scalar point function: If corresponding to each and every point in a certain
region of space there exists a scalar ¢, then ¢ is said to be a scalar point function
and we write it as ¢(X , ¥, Z). For example, the temperature at different points in

Journal of Mathematical Sciences & Mathematics Education Vol. 12 No. 2 26



the atmosphere has got well defined values. Thus in this case, the temperature
(T) may be considered as a scalar point function. i.e. T = T(x, y, z).
Gradient of a scalar point function: If p(X  ¥,2) be defined and differentiable

at each point in a certain region of space, then the gradient of ¢ (i.e. grad @) is

- a - . .
defined as, grad ¢ = 1 l,:‘X-F] g’ + k el where i, j, and k are rectangular

unit vectors. Now, let (p(x, ¥, Z) = ¢, where c is a constant, be a level surface,

i.e. a surface corresponding to each point of which the scalar point function ¢
has got the same constant value ¢. Let us now consider any point P on this level
surface defined by the position vector r.

Y
A
Q(x+ dx y+dy, z+dz)
j
ér r Level surface
P(x,y, z)
‘ ox,y, 2)=c
O i X

Z
Figure 1. Diagram for finding the direction of gradient of a scalar point function

The position vector of a point Q very close to the point P and lying on the same
level surface may then be taken as, T + 8T, If the Cartesian coordinates of the

point P are (X, ¥,2), then the Cartesian coordinates of the point Q may be
considered as (x + dx, ¥ + dy, z + dz). From Figure 1, we have,
6r = 0Q — OP. Now, we have, (grad ¢) . ér =

. 0@ . . Op do - . _ do @ Ll B
('E+]a_y+ka) . (idk+jdy+kdz) = o, X+ = dy+ -~ dz =de.

Journal of Mathematical Sciences & Mathematics Education Vol. 12 No. 2 27



Now, since both the points P and Q lie on the same level surface defined by
o(X ¥, Z) = c, the value of ¢ at each of the points P and Q must be each equal

to c¢. Thus we must have, d@ = 0 in this case. It then follows from the aforesaid

relation that, (grad ). ér = 0.

Thus grad ¢ is a vector perpendicular to ér, now since the points P and Q are
very close to each other, ér may be assumed to lic on the level surface under
consideration. Thus grad ¢ is a vector which is normal to the level surface
o(x .y, z) = cat the point(X ¥, Z).

With a view to enhancing the range of applicability of the aforesaid concept of
gradient of scalar point function, efforts have been made in the subsequent
sections for the generation of the expressions for the angle between two given
straight lines as well as that between two given planes.

Derivation of the Expression for Angle in Cartesian Coordinate Geometry
on the Basis of Gradient of Scalar Point Function

oTo find the angle between two given straight lines
As shown in Figurel, let the equations of the two given straight lines PQ and RS
be y=my X+ ¢y and ¥ = m; X + €5 respectively. It is required to find the

angle 0 (as shown in Figure 2) between those two straight lines.

Y
3
D
j QX
B
0
y=myx+c¢ Yy=m;X+Cy
A C i
X
P R
P4 N ]

Figure 2. Diagram for finding the angle between two given straight lines
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From simple geometrical consideration, it can be readily seen that the angle
between the two normal vectors to two straight lines is equal to one of the two
angles between the straight lines. This fundamental assertion can be employed to
find the angle between the two given straight lines ¥ = M4 X + €4 and

y=m3X-+cCy.
The equations of the two given straight lines may be written as ¢1(x, y) =
myx — ¥ +c; =0,and ga(x, y)=maX — ¥ + ¢z = 0, where ¢i(x, y)

and @a(x, y) are scalar point functions. Let n1 and n2 be respectively the unit
normal vectors at any point (X, y) of the two given straight lines
y=my X+ Cyand ¥ = M5 X + C5 . then we have,

{grad @, (x3)} o 5
il ligrzd:-i (::m =(my i - HNVA+m, ),
(e os B (mgi - AL +my?)
Thus we have, ni. n2 = (1 + my m, )/A{(1+ m; (1 +m, 2)}

l{grad @, (x32}
1+ m, mqy .
TCitm, D (1tmg®) (1), where 6 being the

ni

and n2=

or, cosB =

angle between the two normal vectors n1and nzis also equal to one of the two
angles between the two given straight lines ¥ = my X + ¢4 and

Yy=myX+Cs.

Condition of parallelism of two given straight lines
When the straight lines PQ and RS represented respectively by the equations
¥ =my X+ ¢y and ¥ = m3 X + C; are parallel to each other, then the angle 0

between the vectors, AB and CD will be either 0° or 180° depending on whether
the vectors, AB and CD are like parallel or unlike parallel.

Now, when 0 = 0°, we have from equation (1),
1+ mq mgy

L JAm D (14me D

>

which on simplification gives, My = Mj.

Again when 0 = 180°, equation (1) gives
_ 1+ m, mg

M. D (14m, D)

which on simplification yields the same relation, my = ms.
Thus the condition of parallelism of the two given straight lines ¥ = m4 X + ¢4

andy = mp X+ Cq isgivenby My = Mmj.

Condition of perpendicularity of two given straight lines
When the straight lines PQ and RS represented respectively by the equations,
¥ =my X+ ¢y and ¥ = m3 X + C3 are perpendicular to each other, then the

angle 0 between the vectors, AB and CD will be 90°. Under this condition, the
equation (1) gives,
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1+ m, mq
- J(1+my D(14my?) ’
from which it follows that mq my = — 1.
Thus the condition that the straight line ¥ = m4 X + €1 is perpendicular to the

straight line y = mo X + €5 is given by my my = —1.

oTo find the angle between two given planes
Let the equations of the two given planesbe 8y X+ by y +¢cz+ dy =0,

anda; x+ by y+cy;z+ d; = 0. It is required to find the angle between

these two given planes. Now, the equations of the two given planes may be
written as @1(X, y, z) = 0, and ¢ (X, y, z) = 0 respectively where @i(X, y, z)
=a; x+byy+cz+dy,ande(x,y,z)=azx+ byy+cyz+ djare

scalar point functions.

If m1 and n2 are respectively the unit normal vectors to the aforesaid given planes
01(x, y, z) =0, and @2 (X, y, z) = 0, then from the physical meaning of the
gradient of a scalar point function, we must have,

= {grad @: (xyz)} ias +jbstkes
|€gr&d Py Ex«Yaz}}I J(aiz + hi=+ cs2)
and my = {grad @ (xy:z)} _ iag+jbstkes

|{grad @, (xy.z)}l E J(Ezz + by 24 cg3)

Eiﬁ.z‘f‘b‘bz‘f’ CiyCyg

Then, n1. n2 =77
{4'(31 s l3':|.z"' Ciz}(ﬂzz"‘ b:z"' Uzz}}

asaz;+byby+cyeg

or, cos6 =7 , where 0 is the angle
{Jtaﬁ b+ ca?)(aa "+ ba '+ cm}

between the two unit normal vectors to the two given planes respectively.

Now, making use of the theoretical assertion that the angle between the normal
vectors to two different planes is equal to one of the two angles between the
planes, it may be said that here 0 is also one of the angles between the two given
planes@ X+ byy+cz+ dy =0,andazx+byy+c,z+ dy; =0.

Hence the angle between the two givenplanesa; X+ by y+c;z+ d; =0,

anda; xb, ¥y +coz+ dy = 0, must be given by the relation
as8s+bybatcicy

(:059:{ : } (2

Ja T b "+ ea?)(aa "+ byt oa?)

Condition of parallelism of two given planes
If the two given planes 8 X+ by y+cyz+ dy =0, and

a; Xx+byy+caz+ dy = 0 are parallel, then the angle 0 between the unit
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normal vectors n1 and nz to those given planes must be either 0° or 180°. Thus
under this condition, we have from the relation (2),
asa;+bsby+caicy

J_r1={, } B

2 z z b
,J(Ez +by +cy?)(ag + by + c3?)

Squaring both sides of the relation (3) and then rearranging we then obtain,
(aby— azby )%+ (a1 c3— aycy)?+(byco— bacy )2 =0, from

L . b
which it then readily follows that, 7
az by Cz
Thus the condition that the plane 8 X+ by ¥ + ¢y 2+ d; = 0 is parallel to
. b
the plane 82 X+ b, ¥+ 32+ dy = 0 is given by, =y

ag by Cz .

Ca

Condition of perpendicularity of two given planes
If the plane 33 X+ by ¥y + ¢y z+ dy = 0 is perpendicular to the plane

a;x+byy+cyz+ d; = 0, then the angle 0 between the two unit normal

vectors n1 and nz to those given planes must be 90°. Under this condition, we

have from the relation (2),
O— aia:+b1b=+c1:2

{J(azz"' bzz"' sz)(ﬂzz"' bzz"' sz}}’

from which it readily follows that, & a; + by b, + ¢y ¢, = 0.
Thus the condition that the plane 8y X+ by y+cyz+ d; =0is
perpendicular to the plane a; X + by ¥+ c;z+ d; = 0 is given by,
aya; + byby + ¢y =0.

o To find the angle between the tangents drawn at two given points lying on
a given curve

Let the given curve be a circle whose equation is X% + y2 = a? and also let

the two
given points lying on this circle be (% ,¥1) and (%, , ¥2). Itis required to find

the angle (0) between the tangents drawn to the circle x> + y2 = a? at the
points (%3 , ¥1) and (X2, ¥2).

Here, the equation of the circle may be written as ¢(X , ¥) =

x%2 4+ y2— a? = 0, where ¢(X, ¥) is a scalar point function. Then we have,
grad ¢ = 2x1 + 2y j. Now, if n1 and n; are respectively the unit normal
vectors to the circle x2 + y2 = aZat the points (%1 , ¥1) and (X2, ¥2), we

have,
{(grad ‘-T-‘}{xx. 5'1]} X Y2

1 = 4 =
n = == =,
{lerado)s, s}~ = 8
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{(grad @)ix, I,yﬂ} Xy .

and n2 = ==i+==j.
“(Emd‘l’}r‘xzjyﬂ” a a J

Then, cosB=n;. m

(i ¥ o SRR 1 5
or,cose—(a iE- 1},(a b+ i)
X3 Xz + ¥1¥2
= (4)
The relation (4) gives the expression for the angle (8) between the tangents
drawn at the given points (X , ¥1) and (X3 , ¥2) lying on the given circle

P YR g¥

or, cosf =

Let us now consider the given curve as the circle
x2+ y2 + 2gx + 2fy+ c = 0. Also let the

two given points lying on this circle be (1 ¥1) and (X3 ¥2). It is required to
find the angle (0) between the tangents drawn to the circle
x2 + y2 + 2gx + 2fy+ c = 0 at the points (%1 , ¥1) and (X2, ¥2).
Here, the equation of the circle may be written as ¢{(X  ¥) =
x2+ y? + 2gx + 2fy + ¢ = 0, where (X, ¥) is a scalar point function.
Then we have, grad 9 = 2(x + g) i+ 2(y +f) j. Now, if n1 and n: are
respectively the unit normal vectors to the circle
x2+ y2 + 2gx + 2fy+ c = 0 at the points (X3 , ¥1) and (X2, ¥2), we
have,
_ {(erad @)z, v} ((xat g it (ya+ i)
M lerad @, yol}  V(xat 0% 7 O3
{(erad @)z; yo)}  {(xg+ g i+ (yp+0)j)
(Erad @l yol] Vet 92 2+ 03
Then we have,
cosB=ni. m
{(xs+ g) i+ 7o+ 0 ). {(xo+ ) i+ 72+ ) j1]
or, cosB = - .
[Vt 97 (3% B 2,/ (Geat D24 (yz# O 3]
13 {(xs+ g) (xa+ @) + (34 + ) (yo + )}
or, cos8 = r— ; T
VTG 97+ 3+ 02/ [Gxa# 97+ (y2+ 0 7
The relation (5) is the expression for the angle (0) between the tangents drawn
at the given points(X; , ¥1) and (X2 , ¥/2) lying of the given circle

X2+ y? 4+ 2gx +2fy+c= 0.

and n2 =

®)

Proceeding similarly, it is possible to find the expression for the angle between
the tangents drawn at two given points lying on a given curve irrespective of its
nature.

Journal of Mathematical Sciences & Mathematics Education Vol. 12 No. 2 32



e To find the angle between the tangent planes drawn through two given
points lying on a given surface

2 and

Let the given surface be a sphere whose equation is x> + y% + z%? = a
also let the two given points lying on this sphere be (X3 , ¥1 , Z1 ) and
(X2,¥2, Z2). It is required to find the angle () between the tangent planes
drawn to the sphere X% + y2 + z2 = a? at the points (X3 ,¥1, Z1)and
(x2,¥2, Z2).

Here, the equation of the sphere may be written as (X, ¥) =

X%+ yz + z2 - a2 =0, where o(x , ¥) is a scalar point function. Then we
have, grad ¢ = 2x1 + 2y j + 2z k. Now, if n1 and n2 are respectively the unit
normal vectors to the sphere x% + y2 + z2? = a? at the points (X3 , ¥1, Z1)
and (%3 Y2, Z7), we have,

{(erad @)z, yi,2.))  xs . j+-=2
ny = [(Ka,¥1:21) =£I+ E]+£k,nz=
{l(g‘rad ‘P){xi_.'r':.-zi:'l} f = =

{(Erﬂdtp)(le_yg,zzj} . Xg s+ Y2 ] +2 Kk
e e, spmll o "0 " s
Then, c0s8=n1. 2

e SR £ 2 iy Y2, 5
or,COSB—(a B & i k).(B i b k)

Xy Xg + Y;.:’z*‘ Z12z 6)

This relation (6) gives the expression for the angle between the two tangent
planes passing through the given points (X1 , ¥1, Z1 ) and (X2, ¥2, Z2 ) lying

on the surface of the given sphere x2 + y2 + z2= a2,

or, cosB =

Proceeding similarly, it is possible to derive the expression for the angle
between the tangent planes passing through two given points lying on a given
surface irrespective of its nature.

Conclusion

With a view to increasing the range of applicability of vector algebra as well as
vector calculus, an attempt has been made in this paper to derive the expressions
for the angle between two given straight lines(planes), that between the tangents
(tangent planes) drawn at two given points lying on a given curve (surface) by
making use of the fundamental concept of gradient of a scalar point function. It
has been observed that the gradient of a scalar point function [5] plays a vital
role in the treatments of derivation offered. The techniques offered are novel,
simple, straight forward and generalized ones on account of the fact that they are
equally applicable for any given curve, irrespective of its nature. As a result,
they will enrich the traditional literature there by enhancing the same as well.
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